Systems & Control Letters 153 (2021) 104956

journal homepage: www.elsevier.com/locate/sysconle

Contents lists available at ScienceDirect

Systems & Control Letters

Time optimal control for linear systems on Lie groups N

a,1*x

Victor Ayala

2 Instituto de Alta Investigacion, Universidad de Tarapacd, Casilla 7D, Arica, Chile

, Philippe Jouan”, Maria Luisa Torreblanca ¢, Guilherme Zsigmond ¢

Check for
updates

bab. R. Salem, CNRS UMR 6085, Université de Rouen, avenue de I'université BP 12, 76801 Saint-Etienne-du-Rouvray, France
¢ Universidad Nacional de San Agustin de Arequipa, Calle Santa Catalina, Nro. 117, Arequipa, Peru

4 Université de Rouen, France

ARTICLE INFO ABSTRACT

Article history:

Received 10 April 2020

Received in revised form 17 April 2021
Accepted 1 May 2021

Available online 12 May 2021

Keywords:

Lie groups

Linear systems

Time optimal control
Pontryagin Maximum Principle

This paper is devoted to the study of time optimal control of linear systems on Lie groups. General
necessary conditions of the existence of time minimizers are stated when the controls are unbounded.
The results are applied to systems on various Lie groups.

© 2021 Elsevier B.V. All rights reserved.

1. Introduction

In this paper, we are interested in time optimal problems
for linear systems on Lie groups. The classical linear control
system on the Euclidean space R" is determined by the family
of differential equations,

Yo s X(t) = Ax(t) + Bu(t), u € Y.

Above, A, B are matrices of appropriately order and u : [0, T;] —
U C R™ is a control function. Here, U is a closed set with 0 in its
interior.

It is well known that Xrn serves as a model for beautiful
and concrete applications, [1,2]. On the other hand, in [3,4], the
authors introduce the notion of linear control system X = X; on
a connected Lie group G, as follows

m
(2): 8(6) = Xy + Y uj(t)Yh u € U.
j=1

Here, X is a linear vector field, which means that its flow is a
1-parameter group of G-automorphisms. Foranyj=1,...,m, Y/
is a left invariant vector field on G. The class of the admissible
control ¢/ of is integrated by the measurable and locally bounded
functions defined on intervals of R with values on a closed subset
U of R™,
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We first observe that X is a generalization of Xgn, from the
Abelian Lie group R" to any connected Lie group G. In fact, the
flow of the linear differential equation induced by the matrix A
of Zgn satisfies e € Aut(R"), t € R, and, any column vector b/ of
the cost matrix B = (b'b%...b™), induces an invariant vector field
on R".

Like in the Euclidean case, we are confident that X can be
used as a model for significant applications. There are reasons
to believe that. First, the Lie theory considers the symmetries of
differential equations. In particular, those coming from a physical
system are associated to a conservation law. This fact comes from
the Noether Theorem, which is central in theoretical and practical
application in Physics, [5]. Second, there exists a two-directional
relationship between linear and invariant control systems on Lie
groups. And, it is very well known the relevance of invariant
systems in applications, [1]. However, the main reason comes
from the Equivalence Theorem, [6] which roughly says that:

“Any affine control systems X on a differentiable manifold M

Su x(t) =F(0) + Y u(t)g(x()),
j=1

x(t) e M, ueid, x(0) = xq,

is equivalent to a linear control system on a Lie group G, or on a
homogeneous space of G, if, and only if the Lie algebra generated
by its vector fields, Span.4 {f, g, ..., g™} is finite-dimensional”

Equivalent systems share the same topological, dynamical, and
algebraic properties. Furthermore, they have the same control
system behavior. Thus, it is possible to get information of any
arbitrary system X, that satisfies the finitude condition of the Lie
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algebra, through a linear system X or via a homogeneous system
X¢/u, where H is a closed subgroup of G.

This issue is one of the main reasons it is necessary to classify
X for different groups. Since 1999, several Mathematicians have
been working on this class of systems. In particular, there are
results for the controllability property, and the existence, unique-
ness, and boundedness of the control sets, in all classes of groups:
Abelian, nilpotent, solvable, and semi-simple. For instance, in
Refs. [7,8], we show an almost complete characterization of those
properties on Lie groups of dimensions two and three. Further-
more, there are results on Lie groups of arbitrary dimension.
For that, we refer the readers to [9-13], and [14]. We suggest
Ref. [15] for some relationship between X with Sub-Riemannian
and almost-Riemannian geometry.

Our goal here is to study the existence of time minimizers
when the controls are unbounded and to provide some of their
characteristics in all cases. To this aim, we use first the Pontryagin
Maximum Principle, but also the second-order conditions, namely
the Goh and the Legendre-Clebsch conditions.

Let us denote by A the subspace generated by the control
vectors that is A = Span{Y!, ..., Y™}. Theorem 1 states that if
there exists an ideal a of the Lie algebra of the group such that
A CaC A+[A, A]+ DA (see Section 2 for the definition of D)
then no time optimal extremal can exist for unbounded inputs.

It is also proven that a generic system on a semi-simple Lie
group, with m > 2, has no time minimizers for unbounded inputs
(Theorem 2).

Examples illustrate these results on different kinds of Lie
groups, nilpotent, solvable, semi-simple compact and non-
compact. Among other things these examples allow us to show
that in the bounded case, the minimizers are not bang-bang in
general, due to the existence of singular extremals. Moreover, the
minimum time could not be reached in the unbounded case.

In Section 2, we state the basic definitions needed to define
a linear control system on G. We characterize the notion of the
linear vector field through the normalizer of g and its associated
derivation. We then recall the Pontryagin Maximum Principle for
time optimal problems.

The general results are stated in Section 3. We first follow [16]
to translate the system to the tangent space at the identity and
write the associated Hamiltonian of X in g* x G as follows

m
M g u) = (L F(@) + ) ui(r,Y), where F(g)=TL,12,.
Jj=1

Theorems 1 and 2 are stated and proven in this section.

Finally, Section 4 is devoted to examples: in the two dimen-
sional affine group Aff(2), in the nilpotent Heisenberg group, and
in the semi-simple groups SO(3, R) and SL(2, R).

2. Basic definitions and notations

More details about linear vector fields and linear systems can
be found in [6] and [14].

2.1. Linear vector fields

Let G be a connected Lie group and g its Lie algebra (the set
of left-invariant vector fields, identified with the tangent space at
the identity). A vector field on G is said to be linear if its flow is a
one-parameter group of automorphisms. The linear vector fields
are nothing other than the so-called infinitesimal automorphisms
in the Lie group literature (see [17] for instance). The following
characterization is fundamental for our purpose.
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A vector field X on a connected Lie group G is linear if and only
if it belongs to the normalizer of g in the algebra of analytic vector
fields of G, that is

VY eg [x,Y]egy,

and verifies x(e) = 0.

On account of this characterization, one can associate to a
linear vector field & the derivation D = —ad(x’) of the Lie algebra
g of G.

Inner derivation. In a case where the derivation is inner, that is
ad(x) = ad(X) for some X € g, the derivation is D = —ad(X), and
the linear field is:

Xy = TLe.X — TRy X,

where L, (resp. Rg) stands for the left (resp. right) translation by g.

To simplify the theoretical computations, we will have to
translate vector fields to T.G, the tangent space at the identity, by
left translation. Along with the paper, the translation of a linear
field x will be denoted by:

Fy =Tl 1., € T.G.

In the same way, consider the left-invariant vector field Y
(resp. the left-invariant one-form 1) identified with its value at
the identity Y = Y, € T.G (resp. A = A, € T;G). Then at point g
we have Yy = TL;.Y (resp. Ag = A 0 TLy-1).

2.2. Linear systems

Definition 1. A linear system on a connected n-dimensional Lie
group G is a controlled system

m
() §=X+) uY]
j=1

where X is a linear vector field, and the Y/'s are left-invariant
ones. The control u = (uy, ..., uy) takes its values in a subset U
of R™,

An input u being given (measurable and locally bounded), the
corresponding trajectory of (X') starting from the identity e will
be denoted by e,(t), and one starting from the point g by g,(t). A
straightforward computation shows that

u(t) = @r(gleu(t),
where (¢;);er stands for the flow of the linear vector field x
(see [14]).

2.3. The system Lie algebra and the rank condition

Let £y be the smallest subalgebra of g that contains {Y', ...,
Y™} and is D-invariant.
Proposition 1 ([14]). The system Lie algebra is
L =RX & Ly.
The Lie Algebra Rank Condition (LARC) is satisfied by (X') if and only
ifLo=g.

Remark. The subalgebra £g is an ideal of £ called the zero-time
ideal in the literature (see [1] for instance).

About linear systems, it may also be convenient to consider the
so-called ad-rank condition. Let ) be the subalgebra of g generated
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by A = Span{Y!, ..., Y™}. The ad-rank condition is:
b+Dh+D*h+---+D"'h =1g.

In the case where ) = A, in particular when m = 1, the
ad-rank condition amounts to say that the linearized system
at the identity is controllable. More generally, the algebra b is
included in the strong Lie saturate of the system (see [1] for these
notions), and under the ad-rank condition, the linearization of the
extended system is controllable.

2.4. The Pontryagin Maximum Principle for time optimal problems

We recall here the application of PMP to time optimal prob-
lems. More details can be found in [2] (see also [1,15]).

Consider the control system (X): x = f(x)~|—zjm=1 u;gj(x) where
f and the g;'s are smooth vector fields on a manifold M and the
control u = (uy, ..., Uy) belongs to some subset U of R™. The
associated Hamiltonian is

m
H(Ax, X, U) = (Ay, f(X) + Zujgj(x» where A, € T;M.
j=1

Ifu(t), t € [0, T1, is a control such that the associated solution x(t)
to (X') minimizes the time among all admissible curves steering
x(0) to x(T), then there exists a Lipschitzian curve (A(t), x(t)) in
the cotangent space T*M of M (here A(t) € T;‘([)M) such that

1. AM(t)#A0forallt € [0, T];

2. H(A(E), x(1), U(t)) = maxyey H(A(t), x(t), u) for almost all
t e[0,T];

3. H(A(t), x(t), U(t)) > 0 for almost all t € [0, T];

4, (A(t), x(t)) satisfies the equations
d 3 - LN

’dtx(t) = aTH(Mt)’ x(t), u(e)) = f(x(t)) + ; u;(t)gi(x(t))
d a ~
Ek(t) = —5H(k(t), x(t), u(t))

3. General results

We consider the linear system
m
() &=+ Yl
j=1

in the connected n-dimensional Lie group G. The subset U of R™
where the control u = (uq, ..., uy) takes its values will be either
R™ (unbounded case), or [—B, B]™ for some B > 0 (bounded case),
and the admissible controls will be taken in L*(R; U).

To apply the Pontryagin Maximum Principle we should first
write the Hamiltonian of the system that is

m
H()Lga g, u)= (Ag, X + Zujyé)-
j=1
Since Y; = TL,.Y), 4 = TL.Fy and A; = A o TL,1, we can
translate # to the tangent space at the identity, that is:
m
H(h g u) = (L F(g) + Y _wir, V)
j=1

Notice that # is no longer written in the cotangent space of G but
in g* x G. Thanks to the computations of [16], we know that the
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associated Hamiltonian equations are in g* x G:

m
g =X+ uY(g)
j=1

m
ho=(=D+) wad(Y)r
j=1
where D is the derivation of g associated to X.

3.1. The unbounded case

In the unbounded case, the maximization of # implies
AYYy=0 fori=1,...,m. (1)

If (A(t), g(t)) is an extremal then we have (A(t), Yi)_ = 0 for
all t for which the extremal is defined, hence also (A(t), Y!) =
0 almost everywhere. By the Hamiltonian equations, this last
equality is equivalent to

m
(M6, —DY' + > w(O[Y, Y =0 ae. Vi=1...m (2
j=1
Such extremals are called singular (see [15]) and are known to
satisfy also the Goh condition:

M), [Y, Y]y =0, Vi,j=1,...,m along singular extremals.
(3)

Applying the Goh condition to (2) we get (A(t), —DY') = 0, for
i=1,...m.

Let us denote by K the set of X € g that satisfies (A(t),X) =0
along all extremals. According to the previous considerations it is
a subspace of g that contains A 4 [A, A] 4+ DA.

Clearly, no extremal exists if X = g. Indeed this would imply
A(t) = 0 in contradiction with the PMP.

To characterize the cases where X = g we first look for
a sufficient condition for K to be D-invariant. Let X € K. As
previously the differentiation of (A(t), X) = 0 implies

m
(M(t), =DX + Y u(t)Y, X]) =0 ae.

i=j
and DX belongs to K as soon as [Y/,X] =0forj=1,...,m. A
natural sufficient condition for K to be D-invariant is, therefore,
[A, K] C K. This condition is not directly checkable without
knowing K, and is useless in that case, but it has nice conse-
quences and can be deduced from more convenient conditions.

Lemma 1.
K=g.

We assume the rank condition. If [A, K] C K then

Proof.

1. We have already seen that X is D-invariant under the
condition of the lemma. Consequently:

A+DA+D*A+.---D"'ACK.

2.letV=A+DA+D?A+..-D"'A. This subspace of K is
D-invariant. The assumption of the lemma implies [A, V] C
K hence also, D[A, V] = [DA, V]+[A, DV] C K, and finally
[DA, V] C K. By induction, we get [D¥A, V] C K for all
k>0and[V,V] C K.
Since [V, V] is again a D-invariant subspace of K, the same
argument shows that [V, [V, V]] C K. By induction, it turns
out that the Lie algebra cie(V) generated by V is included
in .
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3. The Lie algebra ie(V) containing A and being D-invariant,
the Lie algebra of the system is equal to Rx @ Lie(V). But
the rank condition is then equivalent to Lie(V) = g (see
Section 2.3), and we conclude g=xX. ®

The following theorem, whose assumption is easily checkable,
can be deduced at once from Lemma 1.

Theorem 1. Assume (X) to satisfy the Lie algebra rank condition
and the controls to be unbounded. If there exists an ideal a of g such
that

ACaC A+[A, Al+ DA,

then no time optimal extremal exists.

Proof.
Since A+[A, A]+DA C K, we have [A, K] C [a, K] Ca C K.
By Lemma 1, this impliesg=/x. ®

Remarks.

1. If the Lie algebra g is Abelian, then any subspace A is
an ideal, and we retrieve the well known fact that no
minimum time extremal exists in the Abelian case (for
unbounded inputs, of course).

2. One might think that the ad-rank condition (see Section 2.3)
could be sufficient to assert that X = g. It is not so, as
shown by Example 4.2. In the single input case, the ad-rank
condition is Span(Y 4+ DY + ... + D" 1Y) = g, and if k is
the greater integer such that DY = 0, the singular control
should be

(A(r), Dk+1y)
(r(0), [v, DY)

It is the way the singular control is computed in Example
4.2.

u(t) =

3.1.1. The unbounded semi-simple case

As in Section 2.3, let us denote by h the subalgebra of g
generated by A = span{Y', ..., Y™}. According to the results
of [18], which can be found in [1], we know that § is included
in the strong Lie saturate of the system, that is the set of vector
fields that can be added to (X'), viewed as a polysystem, without
modifying the closures A-.(g) of the attainable sets for all t > 0
and g € G. This means that all the left-invariant vector fields
belonging to h can be added to the set of controlled vector fields
without modifying the sets A-.(g) forallt > 0and g € G.

This adaptation of extension techniques to linear systems on
Lie groups is made in [14] and used in [12].

In the particular case where b is equal to g, this implies that
A-(g) = G, hence A.(g) = G because the system is Lie
determined (see [1]), for all t > 0 and g € G. The conclusion
is that the minimum time is 0 and is of course never reached.

The condition h = g may appear very strong, but it is of par-
ticular importance when the Lie algebra is semi-simple. Indeed
it is proven by Kuranishi in [19] that generically the subalgebra
generated by a pair {Y!, Y?} of elements of a semi-simple Lie
algebra g is equal to g. Kuranishi’s result implies the following
statement.

Theorem 2. The connected group G is assumed to be semi-
simple, the Lie algebra rank condition to hold and the controls to
be unbounded.

A generic system

m
() &=+ uY]
=1
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with m > 2 has no time extremals. Moreover the minimum time
between any two points is 0.

In Sections 4.3.1 and 4.3.2, that live respectively in the 3-
dimensional semi-simple Lie groups SO; and SL,, the control is
one-dimensional. If these systems were controlled by two linearly
independent left-invariant vector fields then no time extremals
could exist.

3.1.2. Minimal time and existence of extremals

It is worth noticing that the lack of extremals does not imply
that the minimal time is zero as in the classical (Abelian) case.
Indeed, the minimum time from a given point gy to another given
point g; could be the positive time, say T > 0. However, no
admissible curve steers go to g; in time T. This is the case of
Section 4.1, where no extremal exists but where some points
cannot be joined in arbitrary small time.

In that case, the minimal time may be computed as the limit
when B tends to +o¢ of the minimal time T obtained for inputs
bounded by B.

3.2. The bounded case

We consider now the case where —B < u; < B forj =
1, ..., m. Thanks to Filippov’s Theorem, we know that time min-
imizers exist (see [15]).

The maximization of H implies

1. uj = ¢B, where ¢ = sign(A, Y/), if (A, Y/) £ 0;
2. u; is not determined if (A, Y/) = 0.

Thus we get 2™ different dynamics, to which must possibly be
added the dynamics related to (A, Y/) = 0 for some j's.

3.2.1. The bang-bang problem

It is well known that in the Abelian simply connected case,
that is when G = R", and when the set U is a polytope, a time
optimal control takes values at the vertices of U and switches
a finite number of times between these values in a compact
interval of time. The proof uses the fact that the covector A(t) is an
analytic solution of a differential equation that does not depend
on the control. Indeed the general equation of A is:

m
o= (=D+ ) wad(Y)yx
j=1
and the terms depending on the u;’s disappear in the Abelian case.
The picture is different in the non Abelian one, and a general

bang-bang theorem cannot be proven. Some extremals that are
not bang-bang are exhibited in the examples.

4. Examples
4.1. An example in Aff(2)

The 2-dimensional connected affine group is the Lie group:

G =Af(2) = {(3 {) :

Its underlying manifold can be identified with R x R, and its Lie
algebra g = aff(2) is generated by the left-invariant vector fields

X=xZandY = x% in natural coordinates. Since [X,Y] = Y

this 2-dimensional algebra is solvable.?

(x,y)eijR}.

2 Define the derived series of g by D'g = [g, g] and by induction D"*!g =
[D"g, D"g], then g is solvable if D"g vanishes for some integer n.
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It is easy to see that in the basis (X, Y), all derivations D

of aff(2) have the form D = 0 where a and b are real

0
b
numbers, and that the linear vector field X associated to such a
derivation is X(g) = (a(x — 1) + by)% for g = (x,y) (See [12] for
more details).

Recall also from [12] that up to a group automorphism a
linear system in Aff, (2) that satisfies the rank condition has the
following form

(Xb) {

X= uax

y= x—1+by with a #0.

and that it is globally controllable if and only if b = 0. In that case
the system is

(&) {

X= uax

y= x-—1 with  « #0.

Here, the linear vector field is associated with the derivation

D:(o 0

10 in the canonical basis (X, Y), and the controlled

vector is «X. The Hamiltonian is
'H()”gv g, u)= ()\ga Xg) + u()\gv an) = (A, Fg> + u{A, aX).

Let us first look at the unbounded case. The maximization
condition implies (A(t), X) = 0, and then

0= (A(t), X) = (M(t), =DX + ua[X, X]) = (A(t), —=Y).

The last equality implies A = 0 so that no extremal trajectory
exists. Indeed, Span(X,Y) = A + DA and we find the results of
Section 3.1, that is A + DA C K.

However, the equation y = x — 1 and x be positive imply that
an admissible curve cannot steer (1, 0) to (1, —d) in timeless than
d.

Let us now compute the time minimizing curve between these
points for bounded controls, u € [—B, B]. We can assume « >
0 without loss of generality. In coordinates, the Hamiltonian is
(with ¢ = (p. q)):

H(Ag, &, u) = (Ag, Xg) +U(dg, aXg) = upax 4+ q(x — 1)

and the Hamiltonian equations are:

b4 uox p= —uap—q
y x—1 g= 0

Assume p(tg) = O for some to. Then ¢ = qo # 0 because
the pair (p(t), q(t) = qo) vanishes nowhere. This implies p(ty) =
—q # 0, hence that p can vanish at most once.

The consequence is that an optimal control takes the constant
value B or —B and changes at most once. Further, the only
possibility from (1, 0) to (1, —d) is first u = —B on [0, L] (in order
that x(t) < 1 and y < 0), and then u = B on [%, T], in order that
x(T) = 1. A straightforward computation gives

Mt)=e ™ refo, 1] _ 2wl
{X(t) — e BaTgBat ¢ [I’ T] and y(T)= BO{(1 e 2)-T.
To finish Y(T) = —d <= T = d+ Z(1 —e32) > d. But

T +—>p+00 d and the minimal time to steer (1, 0) to (1, —d)
with unbounded controls is indeed d and is not reached.

4.2. An example in the Heisenberg group

The Heisenberg group is the matrix group

1 x z
¢={(0 1 y): xyz2)erR3}.
0 0 1
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The following left-invariant vector fields written in natural coor-
dinates (x, y, z),

] a ad ]

= —, Y=—+ X—, = —,

ax ay 0z 0z
generate its Lie algebra. The only Lie bracket that does not vanish
is [X, Y] = Z. A straightforward computation using the equality
DZ = [DX, Y] + [X, DY] shows that the derivations of g are the
endomorphisms whose matrix in the basis (X, Y, Z) is written as

a b 0
Dz(c d 0 )
e f a+d

Further, the linear vector field X associated with this derivation
is written in natural coordinates and is read as

0 ] 1 1 ad
X = (ax+by)— +(cx+dy) — +(ex+fy+(a+d)z+—cx*+—by*)—.

0x ay 2 2 0z
It is shown in [12] that a single-input system that satisfies the Lie
algebra rank condition is up to a group automorphism equal to:

0 b O
(¥) g&=Xx;,+uX, where D= <1 d 0)
0 f d

is the derivation associated to X in the basis (X, Y, Z).
Let us look at the time optimal problem for unbounded inputs.
The Hamiltonian is

H(A, g, u) = (A, Fg) +u(A, X).

The maximization condition implies (A(t), X) = 0, and then
0 = (A(t), X) = (A(t), =DX + u[X, X]) = (A(t), =Y),
since DX = Y. The condition (A(t), Y) = O implies in turn

0 = (A(t),Y) = (A(t), =DY + u[X, Y])
= (A(t), —(bX + dY + fZ) + uz) = (AM(t), —fZ + uZ).

Since (A(t),X) = (A(t),Y) = 0 but A(t) # 0, we get u = f.
This example illustrates the fact that some of the maximization
equations may provide the values of the optimal controls. Here
the only possibility is u constant is equal to f.

An extremal trajectory has to satisfy the condition H > 0 of
the PMP and the Legendre-Clebsch condition because the system
is single-input.

For a general single-input system

X = X(x) + uY(x)

the Legendre-Clebsch condition is (A(t), [Y, [Y, X]]1(x(t))) < O
along any singular extremal (A(t), x(t)) (see [15]).
Let us consider the particular case where b = d, but f # 0.

with u € R,

000 1.0°0
Here D = (1 0 O)and (X DX D?X) = (0 1 0] so
0 f o 00

that the ad-rank condition holds, thanks to f # 0 (and the system
is controllable, see [12]). Nevertheless, the conditions H > 0 and
the Legendre-Clebsch ones are satisfied for a suitable choice of
A. Indeed in the coordinates g = (x,y,z) and A = (p, q,r) the
conditions (A, X) = (A,Y) =0 become p=0and g+ rx = 0.

For the control u(t) = f, and taking into account the above
equalities, the Hamiltonian is in coordinates: H(A,g,u = f) =
ax+r(fy + 3x%) = Jax + rfy.

On the other hand, [X, [X, X]] = [X,DX] = [X,Y] = Z and
(A(t), Z) = r.The Legendre—Clebsch condition is, therefore, r < 0.
From the Hamiltonian, we know that r is constant and cannot
vanish (r = 0 would imply p = q = r = 0). Finally, we get

1
r<0 and qu—l—rfyzo,
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which is always possible by a suitable choice of g(0) except if
x(0) = 0 in which case the additional condition rty > 0 is
necessary.

Let us turn our attention to the bounded case —B < u < +B.
According to the above, two different cases are depending on
If| > B or not.

If |[f| > B, the control can only take the values —B and +B.
More accurately u(t) = €B, where ¢ = sign{(A(t), X). On the
contrary if |f| < B a time minimizer may contain arcs of singular
extremals.

4.3. Examples on SO(3, R) and SL(2, R)

4.3.1. The compact case SO(3, R)

Let G = SO(3, R) be the rotational group. Its Lie algebra so(3,R)
is the set of skew-symmetric 3 x 3 real matrices. Its canonical
basis {X, Y, Z} satisfies
X,Y]=2Z, [Z,X]=Y, and[Y,Z]=X
Consider the unbounded linear system
(¥) &=X;+uY,, where D= —ad(X)and U =R.

Since Span;a{X, Y} = g, the system satisfies the LARC condition.
Furthermore, X is controllable, [20] .
The associated Hamiltonian function reads as

H(rg, g, u) = (A, Fg) +u{d,Y),

and the maximization condition implies (A(t), Y) = 0. By differ-
entiation

0= (A(t). Y) = (A(t). (—D + u ad(Y))Y) = (A(t). Z).

A second derivation yields

0 = (A(t), Z) = (A(t), =DZ + u ad(Y)Z) = u(A(t), X).

Since (A(t),Y) = (A(t),Z) = 0 it is not possible that (A(t), X)
vanishes. Finally, we obtain u(t) = 0 almost everywhere. In con-
clusion, the only possible minimizers, that is, the only projection
of extremal curves, are the integral curves of:

g£=4X,.

Can the conditions # > 0 and the Legendre-Clebsch ones be
satisfied? Since [Y,[Y,X]] = [Y,DY] = [Y,—-Z] = —X the
Legendre-Clebsch condition is here:

— (M X)<0 (Legendre—Clebsch)

Since (A, X) # O this condition is satisfied, even if it means
changing the sign of A.

On the other hand, the condition % > 0 with u = 0 is simply
(1, Fg). But the derivation D = —ad(X) is here inner and the vector
field x is defined by x; = TL;.X — TR,;.X (see [6]).

Therefore Fg = TL,-1X; = X — TL,-1TR;.X, and the condition
#H > 0 turns out to be:

H >0 (LX) > (1 Adg " )X).

This condition is satisfied for g in a non-empty subset of G.

Since the singular extremals are obtained for u = 0 they must
be taken into account in the bounded case —B < u < +B, and a
time minimizer may contain arcs of singular extremals.

4.3.2. The non compact case SL,

It appears to be very similar to the previous one.

Let G = SL(2, R) be the group of order two real matrices with
determinant 1. Its Lie algebra is given by the real matrices of trace

Systems & Control Letters 153 (2021) 104956

zero and order two,

5l(2, R) = Span{H, S, A}, where [H,S] = 2A,
[H,A] = 2S, [S,A] = —2H.

Consider the unbounded linear system
(¥) &= X,+uH,, where D= —ad(A)and U =R.

As before, we conclude that a necessary condition for the exis-
tence of a minimizer is u = 0. Thus the only possible minimizers
connect points of the same integral curve of the linear vector field
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