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We review recent results on control sets of linear control systems on matrix groups. We also mention some applications of systems
with algebraic structures.

1. Introduction

This review is about control system on matrix groups and
its applications. Given a matrix group 𝐺 with matrix algebra
g we introduce the notion of normalizer 𝜂 of g, and we
mention some classes of control systems inside of the nor-
malizer which have relevant applications in many areas. We
concentrate the review in the class of linear control systems
on Euclidean spaces and matrix groups. A fundamental
notion in this theory is the controllability property of a
control system answering the following hard question. Given
a specific state of the system, is it possible to reach any
arbitrary state through admissible trajectories in positive
time? Or better, are there some regions of the space of state
where controllability holds? For that, we introduce the notion
of a control set in Euclidean spaces and after on matrix
groups, which are the main topics of this short review.

Why do we need to consider dynamics or even control
systems on matrix groups? Well, many relevant applications
are coming from physical problems where the state space is
a matrix group. The Noether Theorem [1] states that every
differentiable symmetry of the action of a physical system
has a corresponding conservation law. And, it is possible
to associate symmetry with dynamic through the notion of
invariant vector fields on matrix groups.

For instance, the splendid challenge problem called The
Brachistochrone introduced by Bernoulli in Acta Eruditorum
in 1696:

“Find the shape of the curve down which a ball sliding from
rest and accelerated by gravity will slip (without friction) from
one point to another”.

This problem was solved by I. Newton, J. Bernoulli, and
others and open a new era in mathematics [2]. Recently, the
authors in [3] show that this problem like many others can be
modeled as a control system on some specific matrix group
as follows. Let us consider the set𝐺 = {𝑔 = (𝑥, 𝑦, V, 𝑤) : ⋅𝑥 = V, ⋅𝑦 = 𝑤, ⋅V = −𝑢𝑤, ⋅𝑤= −𝐺 + 𝑢V} , 𝑢 ∈ 𝑈 (1)

Here,𝐺 is the gravitational constant,𝑈 is the set of admissible
control functions with values on a compact set Ω ⊂ R

containing 0, and 𝑢 ∈ 𝑈 is a control. It turns out that this
model is equivalent to the control systemΣ𝐺 : ⋅𝑔= 𝑋 (𝑔) + 𝑢𝑌 (𝑔) , 𝑢 ∈ Ω. (2)

The dynamic defined by the transposed column vectors𝑋 = (V 𝑤 0 −𝐺)𝑇
and 𝑌 = (0 0 −𝑤 V)𝑇 (3)

generates the dimension 4 diamond Lie algebra

g = 𝑆𝑝𝑎𝑛𝐿𝐴 {𝑋, 𝑌} = 𝑆𝑝𝑎𝑛 {𝑋, 𝑌, 𝑍, 𝐿} (4)
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with the bracket relationships [𝑋, 𝑌] = 𝑍, [𝐿, 𝑋] = 𝑋, and[𝐿, 𝑌] = −𝑌 and 𝑍 belongs to the center of g. These two
vectors are invariant vector fields on the space state which is
a matrix group 𝐺 with matrix Lie algebra g.

The model of controlling the attitude of a satellite in orbit
is given by the matrix group 𝐺 = 𝑆𝑂(3)⊗𝑠R

3 which is
the semidirect product between the rotation group 𝑆𝑂(3) of
dimension 3 with the Euclidian space R3 [4, 5]. In this case,
the dynamic of the system is determined by two invariant
vector fields on 𝐺, 𝑖.𝑒., elements of the matrix Lie algebra
g = so(3)⊗𝑠R

3 defined by the semidirect product between
so(3) of skew-symmetric matrices of order three and R3.

We also mention the problem of optimal controls for
a two-compartment model for cancer chemotherapy with a
quadratic objective [6]. Here, the system is determined by
two elements of sl(2,R), the algebra of trace zero matrices
of order two. Controllability of this kind of control systems
means the possibility of transforming any initial state; let us
say sick in another one healthy. Mathematical controllability
conditions for this kind of systems can be found in [7] and
the references therein. It is worth mentioning that in this
reference the authors use fundamental notions of the Lie
theory as the Cartan-Killing form for semisimple algebras.
This is the beauty of mathematics: no matter how abstract a
mathematical concept can be, there is always the possibility
of using it in a specific application.

For further references on real applications of the Geomet-
ric ControlTheory onMatrix Groups wemention [8–15]. For
more theoretical point of view we recommend [16–20]. For
specific theoretical results on linear control system on groups
we refer the reader to [7] and the references therein.

2. Control Sets of Linear Control System on
Euclidean Spaces

The Euclidian space of dimension 𝑛 is given by the Cartesian
product of 𝑛 copies of the real numbers R by

R
𝑛 = {𝑥 = (𝑥1, 𝑥2, . . . , 𝑥𝑛) : 𝑥𝑖 ∈ R, 𝑖 = 1, . . . , 𝑛} . (5)

considered with it canonical topology and differential struc-
ture.

2.1. A Classical Example. We start this section with a very
well-known example from the Pontryagin, Book, [19]. Stop a
train in a station in minimum time. Consider the ideal case
of the train moving on a straight line without friction and
denote by 𝑥(𝑡), the distance from the train to the station at
time 𝑡, which is considered as the origin of the line. From the
Newton law, the force is given by 𝑓 = 𝑚𝑢, the mass by the
acceleration.Of course, we can assume𝑚 = 1.We get a couple
of ordinary differential equations controlled by the possible
combinations between acceleration and brake as follows:

⋅𝑥 (𝑡) = 𝑦 (𝑡) the velocity

and
⋅𝑦 (𝑡) = 𝑢 (𝑡) the acceleration. (6)

Here, 𝑈 is a family of functions that we call admissible,
depending on the possible strategies 𝑢 you consider to control
the train, 𝑢 : [0, 𝑇𝑢] → Ω = [−1.1] ⊂ R. (7)

The numbers 1 and −1 represent the maximum and mini-
mum standard normalized speeds. From the mathematical
points of view we could consider 𝑢 ∈ 𝑈 = 𝐿1𝑙𝑜𝑐(R), the
set of locally integrable measurable functions defined on
intervals of the real line R. But, also the space of continuous
functions or even piecewise constant functions are possible
and appropriate. These three kinds of controls guarantee the
existence and uniqueness of the solution associated with each
initial state (𝑥0, 𝑦0) and for each strategy 𝑢 ∈ 𝑈. Now, is
there a solution to this problem? In the affirmative case, how
to prove its existence, or even better, how to compute the
optimal solution?

As we can see, this model can be represented in a matrix
form. In fact,

⋅𝑥 (𝑡) = 𝑦 (𝑡) ,
⋅𝑦 (𝑡) = 𝑢 (𝑡) ⇐⇒
⋅(𝑥 (𝑡)𝑦 (𝑡)) = (0 10 0)(𝑥 (𝑡)𝑦 (𝑡)) + 𝑢 (𝑡) (01) . (8)

Each choice of control 𝑢(⋅) generates an ordinary differ-
ential equation. If the solution with control 𝑢 and a specific
initial condition reaches the origin at some positive time,
then 𝑢 is a successful control. There may be no such control
or many. If there are several, one of them can be preferred
depending on the considered criteria, in our case, minimum
time. The control problem here is as follows: given (𝑥0, 𝑦0) ∈
R2 find 𝑢 ∈ 𝑈 such that the integral curve of the system
starting in (𝑥0, 𝑦0) and control 𝑢 reaches the origin (0, 0) of
the plane at minimum time.

2.2. Linear Control System. In a more general setting, we
introduce the classical linear control system as follows [21].
A classical linear control system ΣR𝑛 on the space state R𝑛 is
determined by the family of ordinary differential equations,ΣR𝑛 : �̇� (𝑡) = 𝐴𝑥 (𝑡) + 𝑢1 (𝑡) 𝑏1 + 𝑢2 (𝑡) 𝑏2 + ⋅ ⋅ ⋅+ 𝑢𝑚 (𝑡) 𝑏𝑚, 𝐴 ∈ R

𝑛×𝑛, 𝑏𝑗 ∈ R
𝑛, 𝑢 ∈ 𝑈 (9)

guided by 𝑚 real functions (𝑢1, 𝑢2, . . . , 𝑢𝑚). In other words,
the drift �̇�(𝑡) = 𝐴𝑥(𝑡) is controlled by 𝑚 engines 𝑏𝑗 ∈ R𝑛

through the different component of the integrable function𝑢 = (𝑢1, 𝑢2, . . . , 𝑢𝑚) : [0, 𝑇𝑢] → Ω ⊂ R𝑚, where Ω is
topologically closed with 0 ∈ int(Ω). The system is called
unrestricted if Ω = R𝑚 and restricted in the other case.

Classically, this system is written asΣR𝑛 : �̇� (𝑡) = 𝐴𝑥 (𝑡) + 𝐵𝑢, 𝑢 ∈ 𝑈. (10)
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The columns of the cost matrix 𝐵 = (𝑏1 𝑏2 . . . 𝑏𝑚) are called
control vectors.

Given the initial condition 𝑥0 ∈ R𝑛 and the control𝑢 ∈ 𝑈, the solution of ΣR𝑛 at any time 𝑡 denoted by 𝜙𝑢𝑡 (𝑥0)
is described through the variation of parameters formula𝜙𝑢𝑡 (𝑥0) = 𝑒𝑡𝐴 (𝑥0 + ∫𝑡

0
𝑒−𝜏𝐴𝐵𝑢 (𝜏) 𝑑𝜏) (11)

Actually, from the Caratheodory Theorem, there exists an
unique solution 𝜙𝑢𝑡 (𝑥0) of ΣR𝑛 such that 𝜙𝑢0 (𝑥0) = 𝑥0. In fact,
from the Fundamental Theorem of Calculus, it follows that𝜙𝑢𝑡 ⋅(𝑥0)= 𝐴𝜙𝑢𝑡 (𝑥0) + 𝐵𝑢. (12)

Here, the exponential map 𝑒𝑡𝐴 of a matrix 𝑡𝐴 is defined by𝑒𝑡𝐴 = Σ∞
𝑘=0(𝑡𝑘/𝑘!)𝐴𝑘 where 𝐴0 = 𝐼𝑑 : R𝑛 → R𝑛 is the

identity map. In particular, the set 𝑅 = {𝜙𝑢𝑡 (𝑥0) : −∞ < 𝑡 <+∞} describes a curve in R𝑛 starting from 𝑥0 at the instant𝑡 = 0, reaching every element of 𝑅 determined by the control𝑢, in positive and negative time.
The positive orbit O of ΣR𝑛 is defined as the union of the

positive orbit O𝑡 up to the time 𝑡 ≥ 0, of which elements
are the reachable points from the origin at the time 𝑡 ≥ 0.
Precisely,

O = ∪𝑡≥0O𝑡 where O𝑡 = {𝜙𝑢𝑡 (0) : 𝑢 ∈ 𝑈} . (13)

On the other hand, the negative orbit of the system which is
given by

O
− = {𝑦 : there exists 𝑢 ∈ 𝑈 and 𝑡 > 0 with 𝜙𝑢𝑡 (𝑦)= 0} (14)

is the set of the states which can reach the origin through a
solution of ΣR𝑛 in positive time and the same for O−

𝑡 . Finally,
for each 𝑥 ∈ R𝑛,

O (𝑥) = {𝑒𝑡𝐴 (𝑥 + ∫𝑡

0
𝑒−𝜏𝐴𝐵𝑢 (𝜏) 𝑑𝜏) : 𝑢 ∈ 𝑈}= {𝑒𝑡𝐴𝑥 : 𝑡 ≥ 0} + O

(15)

is the reachable set of ΣR𝑛 from 𝑥.
For a real matrix 𝐴 of order 𝑛 we denote by 𝑆𝑝𝑒𝑐(𝐴) the

spectrum of𝐴, i.e., the set of𝐴-eigenvalues and by 𝑆𝑝𝑒𝑐𝐿𝑦(𝐴)
the Lyapunov spectrum of𝐴, whichmeans the sets of the real
parts of the eigenvalues in 𝑆𝑝𝑒𝑐(𝐴). Let us denote by ⟨𝐴, 𝐵⟩
the smallest 𝐴-invariant subspace of R𝑛 which contains the
image Im(𝐵) of 𝐵. That is, it is possible to restrict the linear
map 𝐴 : ⟨𝐴, 𝐵⟩ → ⟨𝐴, 𝐵⟩ and Im(𝐵) ⊂ ⟨𝐴, 𝐵⟩, where 𝐵 :
R𝑚 → R𝑛. Denote by 𝐾𝐾 = (𝐵 𝐴𝐵 𝐴2𝐵 . . . 𝐴𝑛−1𝐵) (16)

the Kalman matrix, determined by the products of the power
of 𝐴 with 𝐵. We say that ΣR𝑛 satisfy the Kalman rank
condition if rank(𝐾) = 𝑛, which is the topological dimension
of R𝑛.

2.3. Control Sets and Controllability. Thecontrollability prop-
erty of a control system is the possibility of connecting
any two points of the state space through concatenation of
controls in positive time. However, this property is too strong
and it is true just for few systems. Thus, it is important to
know some regions where controllability holds. This is the
main idea to introduce the notion of control set.

Definition 1. ΣR𝑛 is controllable in R𝑛 if for each 𝑥, 𝑦 ∈
R𝑛, 𝑦 ∈ O(𝑥).

Amore realistic approach is the notion of control set [16].

Definition 2. A subsetC ⊂ R𝑛 is called a control set of ΣR𝑛 if
for each 𝑥 ∈ C

(i) there exists 𝑢 ∈ 𝑈 such that 𝜙𝑢𝑡 (𝑥) ∈ C, for any 𝑡 ≥ 0;
(ii) C ⊂ 𝑐𝑙(O(𝑥)), where 𝑐𝑙 denote the topological closure;
(iii) C is maximal with respect to conditions (i) and (ii).

This concept is applied on arbitrary restricted control
systems on surfaces or even manifolds. For Euclidian linear
control systems, there exists a fundamental result due to
Colonius-Kliemann [16], as follows.

Theorem 3. Let ΣR𝑛 be a restricted linear control systemwhich
satisfies the Kalman rank condition. Hence,

(1) There exists a unique control set C with nonempty
interior with shape

C = 𝑐𝑙 (O) ∩ O
−. (17)

Furthermore, ΣR𝑛 is controllable in the interior int(C)
of the control set.

(2) A global controllability results can be obtained through𝑆𝑝𝑒𝑐(𝐴)𝐿𝑦,ΣR𝑛 is controllable in R
𝑛 ⇐⇒ 𝑆𝑝𝑒𝑐 (𝐴)𝐿𝑦 = {0}⇐⇒ C = R

𝑛. (18)

Example 4. Thenext example appears in the book [16] andwe
include it because it is the first one in this theory. Consider the
two-dimensional restricted linear control system,

ΣR𝑛 : (�̇� (𝑡)̇𝑦 (𝑡)) = (1 00 −1)(𝑥 (𝑡)𝑦 (𝑡)) + (11)𝑢,𝑢 ∈ Ω = [−1, 1] . (19)

The solutions of ΣR𝑛 are explicitly given by𝑥 (𝑡) = 𝑒𝑡𝑥0 + ∫ 𝑒𝑡−𝜏𝑢 (𝜏) 𝑑𝜏
and 𝑦 (𝑡) = 𝑒−𝑡𝑦0 + ∫ 𝑒𝜏−𝑡𝑢 (𝜏) 𝑑𝜏. (20)

It turns out that
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(1) the singularity (−1, 1) coming from 𝑢 = 1 and (1, −1)
from 𝑢 = −1 are both saddle points;

(2) O = R × (−1, 1), and O− = (−1, 1) × R.

These facts are easily viewed by drawing a picture of both
saddle points. The only control set of ΣR𝑛 reads as

C = (−1, 1) × [−1, 1] . (21)

Example 5. In the train example the system is restricted,
satisfying the Kalman rank condition, rank( 0 1

1 0 ) = 2, and𝑆𝑝𝑒𝑐(𝐴)𝐿𝑦 = {0}.Hence, the associated system is controllable.
Therefore,C = R𝑛 is the only control set.

Furthermore, in this case, it is possible to show this
fact directly; i.e., from any initial condition there exists an
explicitly curve transferring this point to the origin through
a positive solution of ΣR𝑛 . We inform that the Pontryagin
Maximum Principle (Lenin Price in Russia) solves the opti-
mal problem showing that the optimal control lives in the
boundary ofΩ and it is of the type bang-bang, i.e., a piecewise
constant control with values in the corner of the interval [19].
In this case, 𝑢 = 1 and 𝑢 = −1 and the minimum time curve
is building with at most one change of the control. So, inside
the family of parabolas generated by the solutions of

⋅𝑥 (𝑡) = 𝑦 (𝑡) ,𝑦 (𝑡) = −1
and

⋅𝑥 (𝑡) = 𝑦 (𝑡) ,𝑦 (𝑡) = 1
(22)

you find two specific parabolas 𝜙− with control −1 and 𝜙+
with control 1, reaching the origin. Hence, starting from any
arbitrary initial condition (𝑥0, 𝑦0) outside this curves, you
choose the unique parabola where starting from (𝑥0, 𝑦0) and
moving in positive time hit one of the curves 𝜙− or 𝜙+ and
then you change the control to reach the target.

Next, we describe without proof the main facts about the
controllability of a unrestricted linear control system on R𝑛.
These properties strongly depend on the unboundedness of
the set Ω = R𝑚. Obviously, the unrestricted case gives more
possibilities to characterize controllability.

If the system ΣR𝑛 is unrestricted, the positive orbit O is a
vectorial subspace ofR𝑛. In fact, the algebraic structure of O𝑡

depends on the structure of a vector space of 𝑈 under the
hypotheses of Ω. Let 𝑢1, 𝑢2 ∈ 𝑈 and 𝜆 be a real number.
It turns out that 𝑢1 + 𝑢2 and 𝜆𝑢 are also elements of 𝑈.
Furthermore, 𝜙𝑢1𝑡 (0) + 𝜙𝑢2𝑡 (0) = 𝜙𝑢1+𝑢2𝑡 (0)

and 𝜙𝜆𝑢𝑡 (0) = 𝜆𝜙𝑢𝑡 (0) . (23)

Thus, O𝑡 is a vector subspace for any 𝑡 ≥ 0. On the other
hand, if 𝑡1 < 𝑡2 it follows that O𝑡1

⊂ O𝑡2
. For that, you

just need to consider first the control 𝑢 = 0 and rest at the
origin 𝑡2 − 𝑡1 units of time. Since the union of a family of

crescent subspaces is also a subspace we conclude that O is
also a subspace. In this setting, the Kalman rank condition is
equivalent to controllability.

The next results are fundamental for the theory of linear
control systems on Euclidean spaces [21].

Theorem 6. Let ΣR𝑛 be a unrestricted linear control system on
R𝑛. It holds the following:

(1) For each > 0, O𝑡 = ⟨𝐴, 𝐵⟩.
(2) ΣR𝑛 is controllable ⇐⇒ rank(𝐾) = 𝑛 ⇐⇒ dimO =

dimO𝑡 = 𝑛.
(3) O = R𝑛 ⇐⇒ O(𝑥) = R𝑛, for each 𝑥 ∈ R𝑛.

Example 7. Consider the unrestricted linear control system
in the plane R2 defined by the dynamicΣR2 : (�̇� (𝑡)̇𝑦 (𝑡)) = (1 00 0)(𝑥 (𝑡)𝑦 (𝑡)) + (10)𝑢,𝑢 ∈ Ω = R. (24)

We have 𝐾 = ( 1 1 0 1
0 0 0 0 ) = ( 1 1

0 0 ). So, rank(𝐾) = 1 and
according to the previous result the system is not controllable.
Furthermore, for each 𝑡 > 0, O𝑡 = ⟨𝐴, 𝐵⟩ = 𝑥-𝑎𝑥𝑖𝑠. Hence,
C = O is a control set but with empty interior. In particular,
any solution starting from the origin cannot leave the 𝑥-axis.
Example 8. Consider a linearization at some point 𝑥0 ∈ R4ΣR4 : �̇� (𝑡) = 𝐴𝑥 (𝑡) + 𝐵𝑢, 𝑢 ∈ 𝑈 (25)

of a nonlinear control system Σ coming from a satellite in
Earth orbit, where

𝐴 = (0 1 1 03 0 0 20 0 0 10 1 −2 0)
and 𝐵 = (0 11 00 00 1),

(26)

and 𝑢 ∈ Ω is a closed subset of R2 with 0 ∈ int(Ω).
The system satisfies the Kalman rank condition. So, if we

assume Ω = R2, the linearized system is controllable. Now,
from a practical point of view, ΣR4 is a restricted control
system which also satisfies 𝑆𝑝𝑒𝑐(𝐴)𝐿𝑦 = {0}. Hence, the
linearized system is controllable.Thus, the original nonlinear
system is locally controllable in a neighborhood 𝑁0. If for
any reason the satellite comes out of the orbit you can
travel through a selected optimal path in 𝑁0 as you wish,
approaching the original orbit up to some point; let us say𝑥1. If it is possible, you can repeat the some idea on 𝑥1 and so
on, to reach effectively the orbit.
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3. From Euclidean Spaces to Matrix Groups

In this section, we first introduce few ingredients about
matrix groups andmatrix Lie algebras that we need to extend
the notion of a linear control system, from Euclidean spaces
to matrix groups; see [22–26].

3.1. About Matrix Groups. Let us denote by 𝐺𝐿(𝑛,R) the set
of all real invertible matrices of order 𝑛, 𝑖.𝑒.,𝐺𝐿 (𝑛,R) = {𝐴 : det (𝐴) ̸= 0} . (27)

We denote by 𝐺𝐿+(𝑛,R) the connected component of𝐺𝐿(𝑛,R)which contains the identity map 𝐼𝑑. In other words,
det(𝐴) > 0 for any 𝐴 ∈ 𝐺𝐿+(𝑛,R).

Every matrix group considered in this review will be
a subset of 𝐺𝐿(𝑛,R) = det−1(0) which is an open subset
of the vector space gl(𝑛,R) of all real matrices of order 𝑛.
Since gl(𝑛,R) is isomorphic to the Euclidian space R𝑛2 , it
follows that the topology and the differentiable structure of
the groups we consider come from this Euclidian space of
dimension 𝑛2.

The analytical map 𝐿𝑃 : 𝐺 → 𝐺 defined by 𝐿𝑃(𝑥) = 𝑃𝑥
called the left translations on 𝐺 is a diffeomorphism, which
means that 𝐿𝑃 and its inverse 𝐿−1𝑃 are differentiable maps.

The Lie algebra of 𝐺 comes from the notion of invariant
vector fields. Denote by X∞(𝐺) the set of 𝐶∞-vector fields
on 𝐺. By definition, an element 𝑋 of X∞(𝐺) satisfies the
following: for any 𝑔 ∈ 𝐺 the value of 𝑋 in 𝑔 denoted by 𝑋(𝑔)
or some times 𝑋𝑔 is a vector of the tangent space 𝑇𝑔𝐺 of 𝐺 at𝑔, where𝑇𝑔𝐺 = {V : there exist 𝛾 : (−𝜀, 𝜀) → 𝐺 with 𝛾 (0)= 𝑔 and

⋅𝛾 (0) = V} . (28)

We observe that in our case𝑇𝑔𝐺 ⊂ 𝑇𝑔𝐺𝐿 (𝑛,R) = 𝑔 + 𝑇𝐼𝑑𝐺𝐿 (𝑛,R)= 𝑔 + gl (𝑛,R) . (29)

Here, gl(𝑛,R) denotes the tangent space of 𝐺𝐿(𝑛,R) at the
identity element, which is nothingmore than the vector space
of all real matrices of order 𝑛. In fact, for any matrix 𝑔 ∈
gl(𝑛,R) the differentiable curve 𝛾(𝑡) = 𝑒𝑡𝑔 ∈ 𝐺𝐿(𝑛,R)
satisfies 𝛾(0) = 𝐼𝑑 and

⋅𝛾 (0) = 𝑔.
Definition 9. We say that 𝑋 ∈ X∞(𝐺) is a left-invariant
vector field on 𝐺 if𝑋 ∘ 𝐿𝑔 = (𝑑𝐿𝑔)𝑒 (𝑋) for every 𝑔 ∈ 𝐺. (30)

Here, (𝑑𝐿𝑔)𝑒 or (𝐿𝑔)∗ denotes the differential of 𝐿𝑔 at the
identity 𝑒 = 𝐼𝑑.

In other words, to define a left-invariant vector field on𝐺 we just need to determine a tangent vector at the identity

element. In fact, at any point 𝑔 ∈ 𝐺 the value 𝑋𝑔 is given by
the derivative of left translations. Precisely,(𝑑𝐿𝑔)𝑒 : 𝑇𝑒𝐺 → 𝑇𝑔𝐺 with 𝑋𝑔 = (𝑑𝐿𝑔)𝑒 (𝑋𝑒) (31)

Since any left-invariant vector field is determined by its
value at the identity, it turns out that the set of all left-invariant
vector fields on 𝐺 denoted by g is isomorphic to the tangent
space 𝑇𝑒𝐺.

The vector space gwith the application called bracket and
defined by[,] : g × g → g defined by [𝑋, 𝑌] = 𝑋𝑌 − 𝑌𝑋 (32)

turns g into a matrix algebra, which is called the Lie algebra
of 𝐺.

Of course, the bracket is bilinear and skew-symmetric.
This last property means that [𝑋, 𝑌] = −[𝑌,𝑋]. Furthermore,
its satisfies the Jacobi identity,[𝑋, [𝑌, 𝑍]] + [𝑍, [𝑋, 𝑌]] + [𝑌, [𝑍,𝑋]] = 0,

for any 𝑋,𝑌, 𝑍 ∈ g
(33)

A subspace𝑉 ⊂ g is a subalgebra if [𝑉, 𝑉] ⊂ 𝑉 and it is an
ideal if [𝑉, g] ⊂ 𝑉.
Example 10. In the sequel we show the Lie algebra g ≅ 𝑇𝑒𝐺 of
the corresponding matrix group:

(1) 𝑇0R𝑛 = R𝑛.
(2) 𝑇𝐼𝑑𝐺𝐿+(𝑛,R) = gl(𝑛,R), the set of real matrices of

order n.
(3) 𝑇𝐼𝑑𝑆𝑛 = R𝑛, where 𝑆𝑛 for 𝑛 = 1, 3 and 7 is the 𝑛-

dimensional sphere.
(4) 𝑇𝐼𝑑𝑂(𝑛,R) = o(𝑛) = {𝐴 ∈ 𝐺𝐿(𝑛,R) | 𝐴+𝐴𝑡 = 0}, the

skew-symmetric matrices. Here,𝑂 (𝑛,R) = {𝐴 ∈ 𝐺𝐿 (𝑛,R) | 𝐴𝐴𝑡 = 𝐼𝑑} . (34)

is the matrix group of orthogonal matrices.
(5) 𝑇𝐼𝑑𝑆𝑂(𝑛,R) = so(𝑛) = o(𝑛), where 𝑆𝑂(𝑛,R) ⊂𝑂(𝑛,R) and for any 𝐴 ∈ 𝑆𝑂(𝑛,R), det(𝐴) = 1.
(6) The trace zero matrices sl(𝑛,R) = {𝐴 ∈ gl(𝑛,R) |𝑡𝑟(𝐴) = 0} are the matrix algebra of the matrix

group 𝑆𝐿(𝑛,R) = det−1(1), the order 𝑛 matrices with
determinant 1.

(7) The Heisenberg Lie algebra (R3, +, [, ]) has the basis{𝑌1, 𝑌2, 𝑌3} such that [𝑌1, 𝑌2] = 𝑌3 is the only
nonvanishing bracket. In fact, the Heisenberg group
has the matrix representation

𝐺 = {{{{{𝑔 = (1 𝑥1 𝑥30 1 𝑥20 0 1 ) : 𝑥1, 𝑥2, 𝑥3 ∈ R
}}}}}

𝜙:𝑔→(𝑥1 ,𝑥2 ,𝑥3)→ R
3.

(35)
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The derivative of 𝛾𝑖 : R → R3, 𝛾𝑖(𝑡) = 𝜙−1(𝑡𝑒𝑖) at𝑡 = 0, determines 𝑌𝑖,

g = 𝑆𝑝𝑎𝑛{{{{{𝑌1 = (0 1 00 0 00 0 0) ,𝑌2 = (0 0 00 0 10 0 0) ,𝑌3

= (1 0 00 0 00 0 0)}}}}} . (36)

Definition 11. A Lie algebra g is as follows:
(1) Abelian if for any 𝑋,𝑌 ∈ g we have [𝑋, 𝑌] = 0
(2) Nilpotent if ∃𝑘 ≥ 1 : the central series stabilizes at 00 = ad𝑘 (g) = [ad𝑘−1 (g) , ad1 (g)] ⊂ ⋅ ⋅ ⋅ ⊂ ad1 (g) (37)

(3) Solvable if ∃𝑘 ≥ 1 : the derivative series stabilizes at 00 = ad(𝑘) (g) = [ad(𝑘−1) (g) , ad(𝑘−1) (g)] ⊂ ⋅ ⋅ ⋅⊂ ad1 (g) (38)

(4) Semisimple if the largest solvable subalgebra r(g) of g
is null

A Lie group is said to be Abelian, nilpotent, solvable and
semisimple, if its Lie algebra satisfy the same property.

Remark 12. It is well known that the exponential map exp =𝑒 : gl(𝑛,R) → 𝐺𝐿(𝑛,R) is a local diffeomorphism. In
fact, 𝑑(exp)0 = 𝐼𝑑 is invertible. Thus, from the Inverse Map
Theorem, it follows that there exists a neighborhood 𝑉 ⊂ 𝐺
of the identity such that exp : 𝑉 ⊂ g → exp(𝑉) ⊂ 𝐺
is a diffeomorphism. Furthermore, for nilpotent and simply
connected Lie groups such as the Heisenberg group exp is a
global diffeomorphism, which means 𝑉 = 𝐺.

A𝐶∞ homomorphism between twomatrix groups𝐺 and𝐻 is called amatrix grouphomomorphism.Abijectivematrix
group homomorphism of 𝐺 with itself is called a matrix
group automorphism. If 𝐺 is connected, the set Aut(𝐺) of 𝐺-
automorphisms is a matrix group with Lie algebra aut(𝐺),
[25].

Remark 13. An intrinsically relationship between a matrix
group homomorphism 𝜑 : 𝐺 → 𝐻 and its derivative (𝑑𝜑)𝑒 :𝑇𝑒𝐺 → 𝑇𝑒𝐻 is given by 𝜑(exp𝑋) = exp(𝑑𝜑(𝑋)), which comes
from the commutative diagram

g
(𝑑𝜑)𝐼𝑑→ h

expg ↓ → ↓ exph𝐺 𝜑→ 𝐻 (39)

Since (𝑑 det)𝐼𝑑 = 𝑡𝑟 is the trace map, it follows that𝑒𝑡𝑟𝐴 = det (exp𝐴) , 𝐴 ∈ gl (𝑑,R) . (40)
In particular, if 𝑡𝑟𝐴 = 0 its exponential exp𝐴 has determinant
1.

3.2. The Normalizer and Linear Vector Fields. As we saw, a
linear control system ΣR𝑛 on R𝑛 is written as�̇� (𝑡) = 𝐴𝑥 (𝑡) + 𝐵𝑢 (𝑡) = 𝐴𝑥 (𝑡) + 𝑚∑

𝑗=1

𝑢𝑗𝑏𝑗, 𝑢 ∈ 𝑈. (41)

Essentially, ΣR𝑛 depends on two classes of dynamics,
(1) the linear differential equation �̇�(𝑡) = 𝐴𝑥(𝑡), to be

controlled;
(2) the control vectors 𝑏𝑗, which are invariant vector fields

on R𝑛.
If we would like to extend ΣR𝑛 fromR𝑛 to a matrix group𝐺we first need to understand its dynamic.The solution of the

linear differential equation determined by the matrix 𝐴 with
the initial condition 𝑥 reads as𝑥 (𝑡) = 𝑒𝑡𝐴𝑥. (42)

We observe that it associated flow 𝑒𝑡𝐴 ∈ 𝐺𝐿(𝑛,R) =
det−1(0), 𝑖.𝑒.,𝐺𝐿 (𝑛,R)= {𝑃 : 𝑃 is an invertible matrix of order 𝑛} . (43)

So, for any 𝑡 ∈ R, 𝑒𝑡𝐴 ∈ 𝐴𝑢𝑡(R𝑛) belongs to the auto-
morphisms group of R𝑛.

On the other hand, for any 𝑗 = 1, . . . , 𝑚, the vector
field 𝑌𝑗 on R𝑛 defined by 𝑌𝑗(𝑥) = 𝑏𝑗, 𝑥 ∈ R𝑛, is invariant
by translation, depending just by its value 𝑌𝑗(0) = 𝑏𝑗 at
the origin. In fact, the solution of the associated differential
equation �̇�(𝑡) = 𝑏𝑗 with initial condition 𝑥0 is given by𝑥 (𝑡) = 𝑥0 + 𝑡𝑏𝑗, 𝑥 ∈ R

𝑛. (44)

A simple computation shows that [𝐴𝑥, 𝑏𝑗] = −𝐴𝑏𝑗. Hence,
the linear application𝐴 : R𝑛 → R𝑛 transforms the invariant
vector field𝑌𝑗 in the invariant vector field−𝐴𝑌𝑗.Theprevious
discussion allows to us to reach the concept of normalizer,
which plays a role in Geometric Control SystemsTheory.

Let𝐺 be amatrix Lie group with Lie algebra g as the set of
left-invariant vector fields on 𝐺. Let us denote by 𝑋∞(𝐺) the
Lie algebra of all smooth vector fields on 𝐺. The normalizer
of g in 𝑋∞(𝐺) is the set𝜂 = 𝑛𝑜𝑟𝑚𝑋∞(𝐺) (g)= {𝑋 ∈ 𝑋∞ (𝐺) : [𝑋, 𝑌] ∈ g, for every 𝑌 ∈ g} . (45)

Of course, for any constant control 𝑢 ∈ Ω, the vector field𝐴 + ∑𝑚
𝑗=1 𝑢𝑗𝑏𝑗 is an element of the normalizer 𝜂. In fact, since

R𝑛 is an Abelian Lie algebra, then [𝑏𝑗, 𝑏] = 0 for any invariant
vector filed 𝑏 ∈ R𝑛. So, we obtain [𝐴 + ∑𝑚

𝑗=1 𝑢𝑗𝑏𝑗, 𝑏] = −𝐴𝑏 ∈
R𝑛, which of course is also invariant.

In the sequel, aut(𝐺) denotes the Lie algebra of thematrix
group 𝐴𝑢𝑡(𝐺) and 𝜕g the Lie algebra of all derivations of g.
By definition, an element D ∈ 𝜕g is a linear transformation
D : g → g which satisfies the Leibnitz rule with respect to
the Lie brackets, i.e.,

D [𝑃, 𝑄] = [D𝑃,𝑄] + [𝑃,D𝑄] , for any 𝑃,𝑄 ∈ g. (46)
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Definition 14. A linear vector fieldX on a matrix group 𝐺 is
determined by the following requirement: its flows {X𝑡 : 𝑡 ∈
R} is an infinitesimal automorphism of 𝐺, which means that
X𝑡 ∈ 𝐴𝑢𝑡(𝐺), ∀𝑡 ∈ R.

It turns out that (see [27])

X is linear ⇐⇒ X ∈ 𝜂 and X𝑒 = 0. (47)

The relationship between derivations and linear vector
fields is given as follows.

Remark 15. For any 𝑡 ∈ R, (𝑑X𝑡)𝑒 = 𝑒𝑡D. In particular, from
the commutative diagram

g
(𝑑X𝑡)𝑒→ g

exp ↓ ↓ exp𝐺 →
X𝑡

𝐺
then, X𝑡 (exp𝑌) = exp (𝑑X𝑡)𝑒 𝑌 = exp (e𝑡D𝑌) ,𝑡 ∈ R, 𝑌 ∈ g.

(48)

If the group𝐺 is a connected and simply connected nilpo-
tent matrix group the exponential map is a diffeomorphism.
Thus, given a derivation, it is possible to explicitly compute
the driftX through the formula above via the logarithmmap,
as follows. Let log(𝑔) = 𝑌 ∈ g, then

X𝑡 (𝑔) = exp (e𝑡D log (𝑔)) , 𝑡 ∈ R, 𝑔 ∈ 𝐺. (49)

Example 16. Consider the solvable Lie group 𝐺 of dimension
two 𝐺 = {(𝑥 𝑦0 1) : 𝑥, 𝑦 ∈ R, 𝑥 > 0} 𝑑𝑖𝑓𝑒𝑜𝑚≅ R

+ × R (50)

with Lie algebra g = 𝑆𝑝𝑎𝑛{𝑌1, 𝑌2} and [𝑌1, 𝑌2] = 𝑌2. Since
R+ × R is simply connected, the Lie algebra of derivations of
g coincides with the normalizer,𝜂 = 𝜕g = {(0 0𝛼 𝛽) : 𝛼 ∈ R, 𝛽} . (51)

Take 𝐷 = ( 0 0
1 0 ) ∈ 𝜕g. The induced linear vector fieldX on 𝐺

given by

X𝑡 (𝑥1, 𝑥2) = (𝑥1, 𝑥1𝑡 + 𝑥2) , 𝑡 ∈ R. (52)

Example 17. Let 𝐺 be the simply connected Heisenberg
matrix group of dimension three with Lie algebra g =𝑆𝑝𝑎𝑛{𝑌1, 𝑌2, 𝑌3} and [𝑌1, 𝑌2] = 𝑌3. A simple computation
shows that the Lie algebra 𝜕g of the g-derivations is six
dimensional and given by

𝜂 = 𝜕g = {{{{{(𝑎 𝑏 0𝑐 𝑑 0𝑒 𝑓 𝑎 + 𝑑) : 𝑎, 𝑏, 𝑐, 𝑑, 𝑒, 𝑓 ∈ R
}}}}} . (53)

According to [27], the face of the linear vector field associated
with a derivationD ∈ 𝜂 is given by

X (𝑥, 𝑦, 𝑧)= (𝑎𝑥 + 𝑑𝑦) 𝜕𝜕𝑥 + (𝑏𝑥 + 𝑒𝑦) 𝜕𝜕𝑦+ (𝑏2𝑥2 + 𝑑2𝑦2 + 𝑐𝑥 + 𝑓𝑦 + (𝑎 + 𝑒) 𝑧) 𝜕𝜕𝑧 . (54)

A special class of linear vector field is given by inner
automorphisms of the group. Let g be a non-Abelian Lie
algebra and 𝑌 ∈ g. Define the vector fieldX as follows:

X𝑡 (𝑥) = exp (𝑡𝑌) 𝑥 exp (−𝑡𝑌) , 𝑥 ∈ 𝐺 and 𝑡 ∈ R. (55)

As can be seen,X𝑡 is an automorphismwith inverse (X𝑡)−1 =
X−𝑡. The evaluation of the vector fieldX at any point 𝑥0 ∈ 𝐺
is by definition

X (𝑥) = ( 𝑑𝑑𝑡)𝑡=0

X𝑡 (𝑥)
= ( 𝑑𝑑𝑡)𝑡=0

exp (𝑡𝑌) 𝑥 exp (−𝑡𝑌) . (56)

Example 18. Let us consider𝐺 = 𝐸(2) the group of Euclidean
motions of the plane and 𝑔 = ( 1 0 0

𝑥 𝑎 𝑏
𝑦 −𝑏 𝑎

) ∈ 𝐺. In this case,

g = 𝑆𝑝𝑎𝑛{{{{{𝑌1 = (0 0 01 0 00 0 0) ,𝑌2 = (0 0 00 0 01 0 0) ,𝑌3

= (0 0 00 0 10 −1 0)}}}}} . (57)

For the generator 𝑌1 ∈ g, the associated linear vector field
defined by inner automorphisms reads as

X (𝑥0) = 𝑑𝑑𝑡 𝑡=0 ( 1 0 0𝑥 + 𝑡 − 𝑎𝑡 𝑎 𝑏𝑦 + 𝑏𝑡 −𝑏 −𝑎)
= ( 0 0 01 − 𝑎 0 0𝑏 0 0) , (58)

For the generator 𝑌3 ∈ g, we get

X (𝑥0) = 𝑑𝑑𝑡 𝑡=0 ( 1 0 0𝑥 cos 𝑡 + 𝑦 sin 𝑡 𝑎 𝑏−𝑥 sin 𝑡 + 𝑦 cos 𝑡 −𝑏 𝑎)
= ( 0 0 0𝑦 0 0−𝑥 0 0) . (59)
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4. Control Sets of Linear Control Systems on
Matrix Groups

In [28] the author studies a particular class of linear systems
on matrix groups. After that, Ayala and Tirao give a formal
definition of a linear control system on Lie groups as follows;
see [7] and the references therein.

4.1. The Definition and the Solution

Definition 19. A linear control system on a connected matrix
group 𝐺 is determined by the family of differential equations

Σ𝐺 : ̇𝑥 (𝑡) = X (𝑥 (𝑡)) + 𝑚∑
𝑗=1

𝑢𝑗𝑌𝑗 (𝑥 (𝑡)) ,
𝑥 (𝑡) ∈ 𝐺, 𝑢 ∈ 𝑈. (60)

Here, X denotes the drift which is a linear vector field on𝐺. The control vectors 𝑌𝑗, 𝑗 = 1, 2, . . . , 𝑚, belong to g and
we shall think g as the set of left-invariant vector fields. The
input functions 𝑢 = (𝑢1, 𝑢2, . . . , 𝑢𝑚) belong to, the class
admissible controls. More precisely, the elements of 𝑈 are
locally integrable functions 𝑢 : [0,∞) → Ω ⊂ R𝑚, with0 ∈ int(Ω).

Linear control systems are important for at least two
reasons. First, as we showed they are a natural generalization
of the classical linear control system on the Euclidean space𝐺 = R𝑛. Besides that, Jouan [29] proved that Σ𝐺 is relevant
from theoretical and practical point of view; see also. Actually,
he shows that any general control system,

Σ𝑀 : �̇� (𝑡) = 𝑋 (𝑥 (𝑡)) + 𝑚∑
𝑗=1

𝑢𝑗 (𝑡) 𝑋𝑗 (𝑥 (𝑡)) , (61)

on a differential manifold is equivalent to a an invariant
control system on 𝐺 or equivalent to a linear control systems
on a homogeneous space of 𝐺.

For the sake of completeness we show a formula which
allow to compute the Σ𝐺 solutions when you know the flow
of the driftX.

Theorem 20. Let us consider a constant admissible control𝑢 ∈ R𝑚. Therefore, the vector field X + ∑𝑚
𝑗=1 𝑢𝑗𝑋𝑗 ∈ 𝜂 has

the solution given by

𝜙𝑢𝑡 (𝑔) = X𝑡 (𝑥) exp(∞∑
𝑗=1

(−1)𝑛+1 𝑡𝑛𝑑𝑛 (𝑋𝑢, 𝐷)) (62)

where𝑋𝑢 = ∑𝑚
𝑗=1 𝑢𝑗𝑋𝑗 ∈ g and for each 𝑛 ≥ 1, 𝑑𝑛 : g⊗𝑠𝜕g →

g is a homogeneous polynomial map of degree 𝑛. The first

terms of 𝑑𝑛 are obtained by a recursive formula as follows:𝑑1 (𝑌𝑢, 𝐷) = 𝑌𝑢

𝑑2 (𝑌𝑢, 𝐷) = 12𝐷 (𝑌𝑢)
𝑑3 (𝑌𝑢, 𝐷) = 112 [𝑌𝑢, 𝐷 (𝑌𝑢)] + 16𝐷2 (𝑌𝑢)
𝑑4 (𝑌𝑢, 𝐷) = 124 [𝑌𝑢, 𝐷2 (𝑌𝑢)] + 124𝐷3 (𝑌𝑢) , etc.

(63)

Example 21. Let us consider the Lie algebra g = R𝑋1+R𝑋2+
R𝑋3 with the following generators:𝑌1 = 𝜕𝜕𝑥1 ,𝑌2 = 𝑥3 𝜕𝜕𝑥1 + 𝜕𝜕𝑥2 ,𝑌3 = 𝜕𝜕𝑥3

(64)

where the only nonnull bracket is [𝑌3, 𝑌2] = 𝑌1. The group𝐺 isR3; its elements are of the form 𝑔 = (𝑥1, 𝑥2, 𝑥3), with the
group operation “∗” defined by(𝑥1, 𝑥2, 𝑥3) ∗ (𝑦1, 𝑦2, 𝑦3)= (𝑥1 + 𝑦1 + 𝑥3𝑦2, 𝑥2 + 𝑦2, 𝑥3 + 𝑦3)(𝑥1, 𝑥2, 𝑥3)−1 = (−𝑥1 + 𝑥2𝑥3, −𝑥2, −𝑥3) (65)

On the other hand, the exponential and Logarithm maps
are given by

exp (𝑎1𝑋1 + 𝑎2𝑋2 + 𝑎3𝑋3) = (𝑎1 + 12𝑎2𝑎3, 𝑎2, 𝑎3)
log (𝑥1, 𝑥2, 𝑥3) = (𝑥1 − 12𝑥2𝑥3)𝑋1 + 𝑥2𝑋2 + 𝑥3𝑋3

(66)

Let us consider the system Σ𝐺 given by�̇� = X (𝑥) + 𝑢𝑌2 (𝑥) , 𝑢 ∈ R, (67)

where the linear vector field X is determined by its flows as
follows:

X𝑡 (𝑥1, 𝑥2, 𝑥3) = (𝑥1 + 𝑥2𝑡 + 12𝑥22𝑡, 𝑥2, 𝑡𝑥2 + 𝑥3) . (68)

Hence, the system Σ reads as

Σ : {{{{{{{{{
�̇�1 = 𝑥2 + 12𝑥22 + 𝑢𝑥3�̇�2 = 𝑢�̇�3 = 𝑥2 (69)

The Σ-solutions are given by𝑥 (𝑡) = X𝑡 (𝑥) ⋅ exp 𝜁 (𝑡) (70)
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where

𝜁 (𝑡) = ∑
𝑛≥1

(−1)𝑛+1 𝑡𝑛𝑑𝑛 (𝑢𝑌2, 𝐷) (71)

The derivation D associated with X has the matrix ( 0 1 0
0 0 0
0 1 0

) .
Since D is nilpotent with the nilpotency degree 2, 𝑑𝑛 is zero
for 𝑛 ≥ 4. The nonnull terms of the series are listed below:

𝑑1 = 𝑢𝑌2,𝑑2 = 12𝑢 (𝑌1 + 𝑌3)
𝑑3 = − 112𝑢2𝑌1,

and 𝑑4 = 𝑑5 = ⋅ ⋅ ⋅ = 0.
(72)

In such a case, the series is in fact a finite sum

𝜁 (𝑡) = 𝑡𝑑1 − 𝑡2𝑑2 + 𝑡3𝑑3
and exp 𝜁 (𝑡)= exp((− 𝑡312𝑢2 − 𝑡22 𝑢)𝑌1 + 𝑢𝑡𝑌2 − 𝑡22 𝑢𝑌3) . (73)

So, using the exponential rule, the Σ-solution is explicitly
given by

𝑥 (𝑡) = (𝑥1 + (𝑥2 + 12𝑥22 + 𝑢𝑥3) 𝑡 + (𝑢𝑥2 − 𝑢2) 𝑡2
− 𝑡33 𝑢2, 𝑥2 + 𝑢𝑡, 𝑡𝑥2 + 𝑥3 − 𝑡22 𝑢) . (74)

4.2. The g-Decomposition Induced by a Derivation. Before
to state the main results about control sets of linear control
systems on a matrix group 𝐺, we need to explicitly a
decomposition of the Lie algebra g induced by any given
derivationD : g → g. Recall that the linear transformation
D satisfies the Leibnitz rule with respect to the Lie bracket.

For an eigenvalue 𝛼 of D, the real generalized 𝛼-
eigenspaces ofD is defined by

g𝛼 = {𝑋 ∈ g : (D − 𝛼𝐼)𝑛 𝑋 = 0 for some 𝑛 ≥ 1} ,
if 𝛼 ∈ R

(75)

and g𝛼 = 𝑆𝑝𝑎𝑛 {Re (V) , Im (V) ; V ∈ g𝛼} , if 𝛼 ∈ C. (76)

Here, g = g + 𝑖g is the complexification of g and g𝛼, the
generalized eigenspace of D = D + 𝑖D, and the extension
ofD from g to g.

It turns out that [g𝛼, g𝛽] ⊂ g𝛼+𝛽 if 𝛼 + 𝛽 is an eigenvalue
ofD and zero otherwise [22]. Now, consider the g-subspaces
g𝜆 := ⊕𝛼:Re(𝛼)=𝜆g𝛼, where g𝜆 = {0} if 𝜆 ∈ R is not the real part
of any eigenvalue ofD. We obtain

[g𝜆1 , g𝜆1] ⊂ g𝜆1+𝜆2 if 𝜆1 + 𝜆2 = Re (𝛼) for some eigen value 𝛼 ∈ D and zero otherwise. (77)

Therefore, it is possible to decompose g as g = g+⊕g0⊕g−,
where

g
+ = ⨁

𝛼:Re(𝛼)>0
g𝛼,

g
0 = ⨁

𝛼:Re(𝛼)=0
g𝛼

and g
− = ⨁

𝛼:Re(𝛼)<0
g𝛼.

(78)

It turns out that g+, g0, g− are D-invariant Lie algebras and
g+, g− are nilpotent.

This decomposition allows understanding the topo-
logical-dynamical behavior of X. For general properties of
vector fields we refer the readers to [30].

4.3. Control Sets and Controllability. The corresponding con-
nected matrix groups of the Lie algebras g+, g−, g0, g+,0 =
g+ ⊕ g0, and g−,0 = g− ⊕ g0 are denoted by 𝐺+, 𝐺−, 𝐺0, 𝐺+,0,
and 𝐺−,0, respectively. These groups play a fundamental role

in the understanding of the dynamics of the system as showed
in [7] and the references therein. All these groups are closed
and invariant by the flow {X𝑡 : 𝑡 ∈ R}. Moreover, if 𝐺 is
a solvable group, then 𝐺 is decomposable, which means that𝐺 = 𝐺+𝐺0𝐺− = 𝐺−𝐺0𝐺+.

Next, we establish the main properties about control sets
of a linear control system Σ𝐺 on matrix group 𝐺. As before,
O𝑡,O,O−

𝜏 and O− have the same meaning but now with
respect to the system Σ𝐺.
4.3.1.The Existence of Control Sets. Our control system is said
to be locally accessible at 𝑔 ∈ 𝐺 if for all 𝑡 > 0 the sets O𝜏(𝑔)
and O−

𝑡 (𝑔) have nonempty interior and locally accessible if
it is locally accessible at any state 𝑔 ∈ 𝐺. In this review we
always assume that O is an open set. In particular, the systemΣ satisfies the Lie algebra rank condition (𝐿𝑎𝑟𝑐), whichmeans
that 𝑆𝑝𝑎𝑛𝐿𝐴 {X, 𝑌𝑗 : 𝑗 = 1, . . . , 𝑚} = g. (79)

Therefore, Σ𝐺 is locally accessible and under this condition,
there exists a control set C with nonempty interior for Σ𝐺,
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[16]. In fact, the only control set containing the identity
element 𝐼𝑑 reads as

C = 𝑐𝑙 (O) ∩ O
−. (80)

Furthermore, the system restricted to the interior int(C) ofC
is controllable.

To compute effectively a control set is a hard task. See,
for instance, the book [16], where the authors use techniques
from numerical analysis to approach the shape of a control
set.

4.3.2. Topological Properties of Control Sets. Let us denote that
O𝐺− = O ∩ 𝐺− and O−

𝐺+ = O− ∩ 𝐺+. If 𝐺 is decomposable, it is
possible to prove that

O = O𝐺−𝐺+,0

and O
− = O

−
𝐺+𝐺−,0. (81)

The sets O𝐺− , O−
𝐺+ , and 𝐺0 are contained inO∩O−.Hence, if

the control setC is bounded we get that 𝑐𝑙(O𝐺−), 𝑐𝑙(O−
𝐺+) and𝐺0 are also bounded. Reciprocally, the boundedness of these

three sets could imply in some cases the boundedness of C.
In [7] and the references therein the following two results are
proved.

Theorem 22. Assume that 𝐺 is semisimple or nilpotent. If𝑐𝑙(O𝐺−), 𝑐𝑙(O−
𝐺+), and 𝐺0 are compact subsets of 𝐺 then C is

bounded.

Recall that a linear transformation 𝐿 is said to be hyper-
bolic if 𝐿 has just eigenvalues with nonzero real parts, i.e.,0 ∉ 𝑆𝑝𝑒𝑐𝐿𝑦(𝐿).
Theorem 23. Let 𝐺 be a nilpotent simply connected Lie group.
Then,

C 𝑖𝑠 𝑏𝑜𝑢𝑛𝑑𝑒𝑑 ⇐⇒𝑐𝑙 (O𝐺−) , 𝑐𝑙 (O∗
𝐺+) ,𝐺0 𝑎𝑟𝑒 𝑐𝑜𝑚𝑝𝑎𝑐𝑡𝑠 𝑎𝑛𝑑 D 𝑖𝑠 ℎ𝑦𝑝𝑒𝑟𝑏𝑜𝑙𝑖𝑐. (82)

We start by establishing an appropriate notion to under-
stand the topology about the control set C containing the
identity element of 𝐺.
Definition 24. A connected matrix group 𝐺 has the finite
semisimple center property if any semisimple Lie subgroups
of 𝐺 has finite center.

For example, any solvable group and 𝑆𝐿(2,R) have the
semisimple center property. The next results appears in [7]

Theorem 25. Assume that 𝐺 has the finite semisimple center
property and the reachable set O of Σ𝐺 is open. For the existent
control setC it holds that

(1) C is closed if and only if O− = 𝐺;
(2) C is open if and only if O = 𝐺;

(3) furthermore, if 𝐺 is nilpotent, we have

(i) C is closed if and only if D has only eigenvalues
with nonpositive real part;

(ii) C is open if and only if D has only eigenvalues
with nonnegative real part;

(iii) C = 𝐺 if and only ifD has only eigenvalues with
zero real part.

4.3.3. The Uniqueness of Control Sets. In the classical linear
systems on Euclidean spaces, the Kalman rank condition
implies the existence and uniqueness of one control set with
nonempty interior. In [7], the authors prove the same result
for any decomposable group.

Theorem 26. The set C = 𝑐𝑙(O) ∩ O− is the only control set
of the linear control system Σ𝐺 whose interior intersects𝐺+,0𝐺−

and 𝐺−,0𝐺+.

From that, we obtain the following consequence [7]

Corollary 27. Assume that 𝐺 is decomposable. Then,C is the
only control set with nonempty interior.

Just observe that, for any linear control system which
satisfies the 𝐿𝑎𝑟𝑐 on a solvable matrix group𝐺, we obtain that
C = 𝑐𝑙(O)∩O− is the only control set with nonempty interior.

For general matrix groups we do not know if the control
set around the identity is the only one. So, to understand
howmany control sets with nonempty interior could have Σ𝐺

on an arbitrary connected matrix group 𝐺, we should study
the situation when 𝐺 is semisimple. The Levi decomposition
theorem together with the information on the solvable case
we have in our hand will solve the question.

We finish this section with a conjecture: the uniqueness
of control sets of a linear control system Σ𝐺 on a connected
matrix group 𝐺 is no longer true. More precisely,

Claim. Assume the derivation D associated with the drift
vector fieldX of Σ𝐺 is semisimple on g.Then, the control sets
of Σ𝐺 are exact translations of C, which gives, in particular,
an upper bound for the number of control sets.

For the two-dimensional solvable group = R+ × R, an
important information comes from [31], where the authors
proved that a linear control system whose associated deriva-
tion admits a nonzero eigenvalue cannot be controllable.
Therefore, each control set is a proper subset of 𝐺.

Next we give a short abstract about a number of examples
that will be published elsewhere in detail.

Example 28. Let us consider a linear control system on the
solvable matrix group 𝐺 = R+ × R, in three cases:

(1) First, we consider the dynamic
⋅𝑥 = 𝑢𝑥

and
⋅𝑦 = −𝑦 + 𝑢𝑥,

where 𝑢 ∈ Ω = [−1.1] . (83)
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The solution with initial condition (𝑥, 𝑦) and control𝑢 is given by concatenations of the curves(𝑒𝑢𝑡𝑥,𝑚𝑢 (𝑒𝑢𝑡 − 𝑒−𝑡) 𝑥 + 𝑒−𝑡𝑦) ,
when 𝑢 ̸= −1, 𝑚𝑢 = 𝑢𝑢 + 1 , 𝑡 ∈ R

and (𝑒−𝑡𝑥, 𝑒−𝑡 (𝑦 − 𝑡𝑥)) , when 𝑢 = −1, 𝑡 ∈ R. (84)

Denote by 𝑙𝑢 the line in 𝐺 determined by𝑙𝑢 = {(𝑥, 𝑦) : 𝑦 = 𝑚𝑢𝑥} (85)

It turns out that the only control set containing the
identity element (1, 0) in 𝐺 is given by

C = ∪ {𝑙𝑢 : −1 < 𝑢 ≤ 1} . (86)

Just observe thatC is unbounded.
(2) Let us consider now the dynamic

⋅𝑥 = 0
and

⋅𝑦 = 𝑥 − 1 + 𝑢𝑥,
where 𝑢 ∈ Ω = [−1.1] . (87)

The solution with initial condition (𝑥, 𝑦) and control𝑢 is given by concatenations of(𝑥, (𝑥 − 1 + 𝑢𝑥) 𝑡 + 𝑦) , 𝑡 ∈ R. (88)

There exists a quantity 𝑟 > 0 small enough such that
for any 𝑥 ∈ (1 − 𝑟, 1 + 𝑟) there are controls 𝑢1 and 𝑢2
in Ω such that𝑥 − 1 + 𝑢1 𝑥 < 0

and 𝑥 − 1 + 𝑢2 𝑥 > 0. (89)

It turns out that the system admits an infinite number
of unbounded control sets with empty interior as
follows:

C𝑥 = {𝑥} × R for any 𝑥 ∈ (1 − 𝑟, 1 + 𝑟) . (90)

(3) The last one is given by the following equations:
⋅𝑥 = 𝑢𝑥

and
⋅𝑦 = 𝑥 − 1

where 𝑢 ∈ Ω = [−1.1] (91)

The solution of the system with initial condition (𝑥, 𝑦)
and control 𝑢 ∈ Ω is given by concatenations of(𝑒𝑢𝑡𝑥, (𝑒𝑢𝑡 − 1) 𝑥𝑢 − 𝑡 + 𝑦) if 𝑢 ̸= 0

and (𝑥, (𝑥 − 1) 𝑡 + 𝑦) if 𝑢 = 0; 𝑡 ∈ R

(92)

It turns out that the system is controllable. In particular,

C = 𝐺 = {(𝑥 𝑦0 1) : 𝑥, 𝑦 ∈ R, 𝑥 > 0} ≅ R
+ × R. (93)

Thus, for any 𝑔 = (𝑥, 𝑦) ∈ 𝐺 there exists a control 𝑢 ∈ Ω
transferring the identity (1, 0) to 𝑔 in positive time.

Remark 29. The challenge now is to compute the control sets
for linear control systems on any 3-dimensional connected
matrix group. A starting point is to consider the controllabil-
ity property of linear control systems on any 3-dimensional
solvable matrix group. Here we mention an example.

Example 30. Consider the solvable Lie algebra g = R×𝜃R
2

where 𝜃 = ( 1 1
0 1 ) and with matrix group 𝐺. It is possible to

prove that a linear control system on 𝐺 is controllable if and
only if it satisfies 𝐿𝑎𝑟𝑐 and g = g0.

Therefore, if the Lyapunov spectrum of any g-derivation
D associated with the drift vector fieldX contains a nonzero
real number, the system cannot be controllable. So, it is
necessary to compute the control sets of Σ𝐺. On the other
hand, we have the following.

Example 31. Let Σ𝐺 be a linear control system on a solvable3-dimensional matrix group 𝐺. Assume that O is open, then𝐺+,0 ⊂ O

and 𝐺−,0 ⊂ O
−. (94)

In particular, if D has only eigenvalues with zero real part,
i.e., 𝐺0 = 𝐺, the system is controllable. In fact, 𝐺+,0 = 𝐺−,0 =𝐺0 ⇒ C = 𝐺. This result is also true for any dimension; see
[7] and the references therein.
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Mass, USA, 2000.

[17] V. Jurdjevic and H. J. Sussmann, “Control systems on Lie
groups,” Journal of Differential Equations, vol. 12, pp. 313–329,
1972.

[18] Y. Sachkov, Control Theory on Lie Groups, Lecture Notes SISSA,
2006.

[19] L. S. Pontryagin, V. G. Boltyanskii, R. V. Gamkrelidze, and E.
F. Mishchenko, The Mathematical Theory of Optimal Processes,
John Wiley & Sons, London, UK, 1962.

[20] R. Abraham, J. E. Marsden, and T. Ratiu, Manifolds, Tensor
Analysis, And Applications, Springer, New York, NY, USA, 1988.

[21] W. M. Wonham, Linear Multivariable Control: A Geometric
Approach, vol. 10 of Applications of Mathematics, Springer-
Verlag, New York, NY, USA, 2nd edition, 1979.

[22] L. A. B. SanMartin, “Algebras de Lie, Second Edition,”Unicamp,
2010.

[23] A. L. Onishchik and E. B. Vinberg, Lie groups and Lie algebras
III - Structure of Lie groups and Lie algebras, Springer, Berlin,
Germany, 1994.

[24] W.M. Boothby,An Introduction to Differentiable Manifolds And
Riemannian Geometry, vol. 120 of Pure and Applied Mathemat-
ics, Academic Press, Inc., Orlando, FL, Second edition, 1986.

[25] V. Varadarajan, Lie Groups, Lie Algebras, and Their Representa-
tions, Springer-Verlag, New York, NY, USA, 1984.

[26] S. Helgason, Differential Geometry, Lie Groups, and Symmetric
Spaces, vol. 80, Academic Press, Inc., 1978.

[27] P. Jouan, “Controllability of linear systems on lie groups,”
Journal of Dynamical and Control Systems, vol. 17, no. 4, pp. 591–
616, 2011.

[28] L. Markus, “Controllability of multi-trajectories on Lie groups,”
in Proceedings of a SymposiumHeld at the University ofWarwick
1980, D. A. Rand and L.-S. Young, Eds., vol. 898 of Lecture Notes
in Mathematics, pp. 250–265.

[29] P. Jouan, “Equivalence of control systems with linear systems
on Lie groups and homogeneous spaces,” ESAIM: Control,
Optimisation and Calculus of Variations, vol. 16, no. 4, pp. 956–
973, 2010.

[30] C. Robinson, “Stability theorems and hyperbolicity in dynami-
cal systems,” Rocky Mountain Journal of Mathematics, vol. 7, no.
3, pp. 425–438, 1977.

[31] M. Dath and P. Jouan, “Controllability of linear systems on
low dimensional nilpotent and solvable lie groups,” Journal of
Dynamical andControl Systems, vol. 22, no. 2, pp. 207–225, 2016.



Hindawi
www.hindawi.com Volume 2018

Mathematics
Journal of

Hindawi
www.hindawi.com Volume 2018

Mathematical Problems 
in Engineering

Applied Mathematics
Journal of

Hindawi
www.hindawi.com Volume 2018

Probability and Statistics
Hindawi
www.hindawi.com Volume 2018

Journal of

Hindawi
www.hindawi.com Volume 2018

Mathematical Physics
Advances in

Complex Analysis
Journal of

Hindawi
www.hindawi.com Volume 2018

Optimization
Journal of

Hindawi
www.hindawi.com Volume 2018

Hindawi
www.hindawi.com Volume 2018

Engineering  
 Mathematics

International Journal of

Hindawi
www.hindawi.com Volume 2018

Operations Research
Advances in

Journal of

Hindawi
www.hindawi.com Volume 2018

Function Spaces
Abstract and 
Applied Analysis
Hindawi
www.hindawi.com Volume 2018

International 
Journal of 
Mathematics and 
Mathematical 
Sciences

Hindawi
www.hindawi.com Volume 2018

Hindawi Publishing Corporation 
http://www.hindawi.com Volume 2013
Hindawi
www.hindawi.com

The Scientific 
World Journal

Volume 2018

Hindawi
www.hindawi.com Volume 2018Volume 2018

Numerical AnalysisNumerical AnalysisNumerical AnalysisNumerical AnalysisNumerical AnalysisNumerical AnalysisNumerical AnalysisNumerical AnalysisNumerical AnalysisNumerical AnalysisNumerical AnalysisNumerical Analysis
Advances inAdvances in Discrete Dynamics in 

Nature and Society
Hindawi
www.hindawi.com Volume 2018

Hindawi
www.hindawi.com

Di�erential Equations
International Journal of

Volume 2018

Hindawi
www.hindawi.com Volume 2018

Decision Sciences
Advances in

Hindawi
www.hindawi.com Volume 2018

Analysis
International Journal of

Hindawi
www.hindawi.com Volume 2018

Stochastic Analysis
International Journal of

Submit your manuscripts at
www.hindawi.com

https://www.hindawi.com/journals/jmath/
https://www.hindawi.com/journals/mpe/
https://www.hindawi.com/journals/jam/
https://www.hindawi.com/journals/jps/
https://www.hindawi.com/journals/amp/
https://www.hindawi.com/journals/jca/
https://www.hindawi.com/journals/jopti/
https://www.hindawi.com/journals/ijem/
https://www.hindawi.com/journals/aor/
https://www.hindawi.com/journals/jfs/
https://www.hindawi.com/journals/aaa/
https://www.hindawi.com/journals/ijmms/
https://www.hindawi.com/journals/tswj/
https://www.hindawi.com/journals/ana/
https://www.hindawi.com/journals/ddns/
https://www.hindawi.com/journals/ijde/
https://www.hindawi.com/journals/ads/
https://www.hindawi.com/journals/ijanal/
https://www.hindawi.com/journals/ijsa/
https://www.hindawi.com/
https://www.hindawi.com/

