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In this paper we study the generalized derivative and the p-derivative for interval-valued
functions. We show the connections between these derivatives. Some illustrative examples
and applications to interval differential equations and fuzzy functions are presented.
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1. Introduction

The importance of the study of set-valued analysis from a theoretical point of view as well as from their application is
well known [3,4]. Many advances in set-valued analysis have been motivated by control theory and dynamical games [5].
Optimal control theory and mathematical programming were a motivating force behind set-valued analysis since the sixties
[5]. Interval Analysis is a particular case and it was introduced as an attempt to handle interval uncertainty that appears in
many mathematical or computer models of some deterministic real-world phenomena. The first monograph dealing with
interval analysis was given by Moore [32]. Moore is recognized to be the first to use intervals in computational mathematics,
now called numerical analysis. He also extended and implemented the arithmetic of intervals to computers. One of his major
achievements was to show that Taylor series methods for solving differential equations are not only more tractable, but also
more accurate [33].

Other issues of control theory, dynamic economy and biological evolution theory, such as the regulation of control sys-
tems subjected to viability constraints, motivated the discovery of differential calculus of set-valued maps [5]. In this direc-
tion, several notions of derivative of a set-valued map are introduced. For instance, see [4–6,8,12,24,26,9,15,19,38]. The paper
of Hukuhara [24] was the starting point for the topic of set differential equations and later on for Fuzzy Differential Equa-
tions. Set differential equations have recently attracted the attention of many researchers [7,13,28,29,23]. Fuzzy Calculus
and Fuzzy Differential Equations are also two very important related fields [9,10,15,16,19,36].

A set-valued function is a function with values in Kn or Kn
C , both defined below, the space of all nonempty compact sub-

sets of Rn (the space of all nonempty compact convex subsets of Rn). Kn and Kn
C are not linear spaces since they do not con-

tain inverse elements for the addition, and therefore subtraction is not well defined. As a consequence, alternative
. All rights reserved.
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formulations for subtraction have been suggested [24,44,31]. One of these alternatives is the H-difference [8,24]. Another
one is based on embedding the space Kn in a linear space [39] that also comes with a norm.

Banks et. al. [8] and Hukuhara [24] introduced the concept of H-differentiability for set-valued functions by using the H-
difference. In order to overcome some shortcomings of this approach, other types of derivatives for set-valued functions have
been explored (see for example [12,26]).

New alternatives of derivatives for set-valued functions and its applications for solving fuzzy differential equations have
been introduced by Bede et al. [9,10] and by Chalco-Cano et al. [14,15] (also see [17]). The strongly generalized differentia-
bility (G-differentiability, for short) [9] was defined by considering lateral H-derivatives (four cases). The concept of differ-
entiability in [15] is a particular case of G-differentiability, since it only considers two cases. Recently, Stefanini and Bede [43]
have introduced the concept of gH-differentiability, which is based on a generalization of the H-difference between two
intervals [43,44]. In the same paper, the authors also studied relationships between the G-differentiability and the gH-dif-
ferentiability, showing the equivalence between these two concepts when the set of switching points of the interval-valued
function is finite. Some recent papers containing applications of this differentiability concept are [1,2]. For the interval-val-
ued case, the gH-differentiability coincides with the differentiability concept introduced in Markov [30].

Radström’s embedding theorem [39], on the other hand, tell us that there is a real normed linear space B and an isometric
mapping p : Kn ! B. B is a space of equivalence classes (see [8,37]). Then, taking advantage of this embedding theorem, a
set-valued function F is said to be p-differentiable at t0 if p�F is differentiable at t0. Some properties of this derivative and
its connection with other derivatives for set-valued functions can be found in [8].

This paper studies relationships between G-differentiability, gH-differentiability, Markov-differentiability, and p-differ-
entiability for interval-valued functions. With this aim, the paper is organized as follows. In Section 2 we present the basic
notations. In Section 3 we study the G-derivative for interval-valued mappings. In Section 4 we see the equivalence among
gH-differentiability, Markov differentiability, and p-differentiability and study their relationship to G-differentiability. In
Section 5 we present an application to interval differential equations. Some illustrative examples are also presented. In
the last Section we conclude and outline some subjects that, in our opinion, deserve further study.

2. Basic concepts

Let Rn be the n-dimensional Euclidean space. We denote by Kn the family of all nonempty compact subsets of Rn and Kn
C

the family of all A 2 Kn such that A is a convex set, that is,
Kn ¼ fA � Rn=A – ; is compactg and Kn
C ¼ fA 2 K

n=A is convexg:
The Pompeiu–Hausdorff metric H on Kn is defined by
HðA;BÞ ¼max sup
a2A

dða;BÞ; sup
b2B

dðb;AÞ
� �

;

where d(x,A) = infa2Akx � ak. It is well known that ðKn;HÞ is a complete metric space and that Kn
C is a closed subspace of Kn

(see [3,4]). The Minkowski sum and scalar multiplication are defined by
Aþ B ¼ faþ b=a 2 A; b 2 Bg and kA ¼ fka=a 2 Ag: ð1Þ
The spaces Kn and Kn
C are not linear spaces since they do not contain inverse elements and therefore subtraction is not well

defined [3,6].
The Minkowski difference is given by A � B = A + (�1)B (1). In general, A � A – 0, where here 0 denotes the set {0}. It is

well known that if A = B + C, then the Hukuhara difference of A and B, denoted by A � HB, exists and it is equal to C (see
[8,19,37,43]). The Hukuhara difference of A and B is also called the geometrical difference between the sets A and B [46].
The authors of [8] introduce subtraction in Kn

C by using Radström’s embedding theorem [39], which tell us that there is a
real normed linear space B and an isometry p : Kn

C ! B such that pðKn
CÞ is a convex cone in B. To construct B, let us consider

the following equivalence relation in the space Kn
C �K

n
C (see [8,37])
ðA;BÞ � ðC;DÞ if and only if Aþ D ¼ Bþ C:
If hA,Bi is the equivalence class of the pair (A,B), then B is the quotient space Kn
C �K

n
C= �. Now, in B we define the operations

of addition and scalar multiplication by
hA;Bi þ hC;Di ¼ hAþ C;Bþ Di;

khA;Bi ¼
hkA; kBi; k P 0;
hjkjB; jkjAi; k < 0:

�

Given these definitions, B is a linear space.
The embedding p : Kn

C ! B is defined as follows
pðAÞ ¼ hA;0i; A 2 Kn
C ;
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so that hA,0i is the equivalence class fðAþ D;DÞ=A;D 2 Kn
Cg. The metric and the norm in B are defined by
q hA;Bi; hC;Dið Þ ¼ HðAþ D;C þ BÞkhA; Bik ¼ q hA;Bi; h0;0ið Þ:
If A;B 2 Kn
C , then the difference of the sets A and B is an element of B equal to hA,Bi. Since B is a linear space, this difference

has all the properties of difference in linear spaces. However, in general, the difference of two sets in Kn
C is not necessarily an

element of Kn
C . On the other hand, if the Hukuhara difference is well defined for two sets A, B in Kn

C , then
hA;Bi ¼ hA�HB;0i:
For our presentation, T represents an open interval of R, that is, T ¼ ðs1; s2Þ; s1; s2 2 R. When n = 1, we simply denoteK1 and
K1

C by K and KC , respectively.

3. Generalized derivative

The H-derivative (differentiability in the sense of Hukuhara) for set-valued functions was initially introduced in [24] and
it is based on the H-difference of sets.

Definition 1 ([24,46]). Let F : T ! Kn be a set-valued function. We say that F is differentiable at t0 2 T if there exists an
element F 0ðt0Þ 2 Kn such that the limits
lim
h!0þ

Fðt0 þ hÞ�HFðt0Þ
h

and lim
h!0þ

Fðt0Þ�HFðt0 � hÞ
h

exist and are equal to F0(t0).
Here the limits are taken in the metric space ðKn;HÞ. Note that this definition of derivative is very restrictive. For example, if

we consider a very simple set-valued function which should have a derivative, F(t) = (1 � t3)[�2,1], given that
F(0 + h) � HF(0) = (1 � h3)[�2,1] � H[�2,1], the H-difference F(0 + h) � HF(0) does not exist as h ? 0+. Therefore, the H
-derivative of F does not exist at t = 0. In general, if F(t) = C�g(t) where C is an interval and g : ½a; b� ! Rþ is a function with
g0(t0) < 0, F is not differentiable at t0 ([9,15]). To avoid this difficulty, the authors of [9] introduced a more general definition
of derivative for set-valued functions enlarging the class of differentiable set-valued functions by considering lateral H-deriv-
atives. A particular case was considered in [15].

Definition 2. Let F : T ! KC be a set-valued function and let t0 2 T. We say that F is strongly generalized differentiability
(G-differentiable) at t0 if

(i) there is an element F 0ðt0Þ 2 KC such that there exist the H-differences and the limits
lim
h!0þ

Fðt0 þ hÞ�HFðt0Þ
h

¼ lim
h!0þ

Fðt0Þ�HFðt0 � hÞ
h

¼ F 0ðt0Þ;

or

(ii) there is an element F 0ðt0Þ 2 KC such that there exist the H-differences and the limits
lim
h!0�

Fðt0 þ hÞ�HFðt0Þ
h

¼ lim
h!0�

Fðt0Þ�HFðt0 � hÞ
h

¼ F 0ðt0Þ;

or

(iii) there is an element F 0ðt0Þ 2 KC such that there exist the H-differences and the limits
lim
h!0þ

Fðt0 þ hÞ�HFðt0Þ
h

¼ lim
h!0�

Fðt0 þ hÞ�HFðt0Þ
h

¼ F 0ðt0Þ;

or

(iv) there is an element F 0ðt0Þ 2 KC such that there exist the H-differences and the limits
lim
h!0þ

Fðt0Þ�HFðt0 � hÞ
h

¼ lim
h!0�

Fðt0Þ�HFðt0 � hÞ
h

¼ F 0ðt0Þ:
We say that F is G-differentiable on T if F is G-differentiable at each point t0 2 T.

The next result shows that if F is G-differentiable at t0 2 T in two or more of the cases in Definition 2, then F is G-differ-
entiable at t0 2 T in all the cases. Thus, the definition of G-derivative is consistent.

Proposition 1. Let F : T ! KC be a set-valued function. If F is G-differentiable at t0 2 T in two or more of the cases in Definition 2,
then F0(t0) = {a} for some a 2 R and all limits (i) � (iv) exist and are equal.
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Proof. If F is simultaneously differentiable in the sense (i) and (ii), then for h > 0 sufficiently small we have F(t0 + h) = F(t0) + A1,
F(t0) = F(t0 � h) + A2, F(t0 � h) = F(t0) + B1 and F(t0) = F(t0 + h) + B2, with A1, A2; B1; B2 2 KC . Thus, F(t0) = F(t0) + (A2 + B1), i.e.,
A2 + B1 = 0. This implies that either A2 = B1 = {0} and then F0(t0) = {0}, or A2 = {a} and B1 = {�a}, for some a 2 R� f0g, and then
F 0ðt0Þ 2 R. Therefore, all limits in (i), (ii), (iii) and (iv) exist and they are equal. The same conclusion is reached for any other pair
of cases. h
Example 1. Given any differentiable function f : T ! R, the set-valued function F(t) = {f(t)} is G-differentiable (in the form (i),
(ii), (iii), (iv)) at each point t 2 T and F0(t) = {f0(t)}.
Example 2. Consider the set-valued function F(t) = [�t2, t2]. Since F(0 + h) = [�h2,h2], F(0) = [0,0] = {0}, there exists
F(0 + h) � HF(0) for any h > 0 and h < 0. Then F is G-differentiable at t = 0 in the sense of Definition 2 (iii) and F0(0) = {0}. More-
over, the difference F(0) � HF(0 + h) does not exist for any h 2 R, and thus F is not G-differentiable at t = 0 in the sense of Def-
inition 2 (i), (ii), (iv). On the other hand, F is G-differentiable at t 2 (0,1) in the sense of Definition 2 (i) and F0(t) = [�2t,2t]. But
F is not G-differentiable in the sense of Definition 2 (ii), (iii), (iv) for t 2 (0,1). Also, F is differentiable at t 2 (�1,0) in the
sense of Definition 2 (ii) and F0(t) = [�2t,2t]. But F is not differentiable in the sense of Definition 2 (i), (iii), (iv) for t 2 (�1,0).
Proposition 2. Let F : T ! KC be a set-valued function. If F is G-differentiable on T in the sense of Definition 2 (iii) (or (iv)), then
F0(t) = {a0} for some a0 2 R.
Proof. The proof of this result is similar to that of Theorem 7 in [9]. h

Let f : T ! R be a real function and let t0 2 T. Let f 0�ðt0Þ and f 0þðt0Þ denote the lateral derivatives of f at t0,
f 0�ðt0Þ ¼ lim
h!0�

f ðt0 þ hÞ � f ðt0Þ
h

; f 0þðt0Þ ¼ lim
h!0þ

f ðt0 þ hÞ � f ðt0Þ
h

:

Theorem 1. Let F : T ! KC be a set-valued function such that F(t) = [f(t),g(t)]. If F is G-differentiable at t0 2 T, then

(a) If F is G-differentiable at t0 2 T in the first form (i) then f and g are differentiable functions at t0 and
F 0ðt0Þ ¼ f 0ðt0Þ; g0ðt0Þ½ �
(b) If F is G-differentiable at t0 2 T in the second form (ii) then f and g are differentiable functions at t0 and
F 0ðt0Þ ¼ g0ðt0Þ; f 0ðt0Þ½ �
(c) If F is G-differentiable at t0 2 T in the third form (iii) then the lateral derivatives of f and g exist and satisfy
F 0ðt0Þ ¼ f 0þðt0Þ; g0þðt0Þ
� �

¼ g0�ðt0Þ; f 0�ðt0Þ
� �
(d) If F is G-differentiable at t0 2 T in the fourth form (iv) then the lateral derivatives of f and g exist and satisfy
F 0ðt0Þ ¼ g0þðt0Þ; f 0þðt0Þ
� �

¼ f 0�ðt0Þ; g0�ðt0Þ
� �
Proof

(a) Suppose that F is G-differentiable at t0 in the first form (i). Then, for h > 0 sufficiently small we have
Fðt0 þ hÞ�HFðt0Þ ¼ ½f ðt0 þ hÞ � f ðt0Þ; gðt0 þ hÞ � gðt0Þ�
and, because h is a positive real number, multiplying by 1/h we get
Fðt0 þ hÞ�HFðt0Þ
h

¼ 1
h
½f ðt0 þ hÞ � f ðt0Þ; gðt0 þ hÞ � gðt0Þ� ¼

f ðt0 þ hÞ � f ðt0Þ
h

;
gðt0 þ hÞ � gðt0Þ

h

� �
:

Passing to the limit as h ? 0+, it follows that the lateral derivatives f 0þðt0Þ and g0þðt0Þ exist and satisfy
lim
h!0þ

Fðt0 þ hÞ � HFðt0Þ
h

¼ f 0þðt0Þ; g0þðt0Þ
� �

:

Similarly,
Fðt0Þ�HFðt0 � hÞ
h

¼ f ðt0Þ � f ðt0 � hÞ
h

;
gðt0Þ � gðt0 � hÞ

h

� �
¼ f ðt0 � hÞ � f ðt0Þ

�h
;
gðt0 � hÞ � gðt0Þ

�h

� �
:
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Passing to the limit as h ? 0+, it follows that the lateral derivatives f 0�ðt0Þ and g0�ðt0Þ exist and satisfy
lim
h!0þ

Fðt0Þ�HFðt0 � hÞ
h

¼ f 0�ðt0Þ; g0�ðt0Þ
� �

:

Thus, f and g are differentiable at t0 and F0(t0) = [f0(t0),g0(t0)].
(b) Suppose that F is G-differentiable at t0 in the sense (ii). Then, for h < 0 sufficiently small (in absolute value) we have
Fðt0 þ hÞ�HFðt0Þ
h

¼ gðt0 þ hÞ � gðt0Þ
h

;
f ðt0 þ hÞ � f ðt0Þ

h

� �
:

Thus, the lateral derivatives f 0�ðt0Þ and g0�ðt0Þ exist and satisfy
lim
h!0�

Fðt0 þ hÞ�HFðt0Þ
h

¼ g0�ðt0Þ; f 0�ðt0Þ
� �

:

Similarly,
Fðt0Þ�HFðt0 � hÞ
h

¼ gðt0 � hÞ � gðt0Þ
�h

;
f ðt0 � hÞ � f ðt0Þ

�h

� �
:

The lateral derivatives f 0þðt0Þ and g0þðt0Þ exist and satisfy
lim
h!0�

Fðt0Þ�HFðt0 � hÞ
h

¼ g0þðt0Þ; f 0þðt0Þ
� �

:

Therefore, f and g are differentiable at t0 and F0(t0) = [g0(t0), f0(t0)].
(c) Suppose that F is G-differentiable at t0 in the third form (iii). Then, for h > 0 sufficiently small we have
Fðt0 þ hÞ�HFðt0Þ
h

¼ f ðt0 þ hÞ � f ðt0Þ
h

;
gðt0 þ hÞ � gðt0Þ

h

� �
:

Passing to the limit as h ? 0+, it follows that the lateral derivatives f 0þðt0Þ and g0þðt0Þ exist and satisfy F 0ðt0Þ ¼ f 0þðt0Þ; g0þðt0Þ
� �

.
On the other hand, for h < 0 sufficiently small (in absolute value) we have
Fðt0 þ hÞ�HFðt0Þ
h

¼ gðt0 þ hÞ � gðt0Þ
h

;
f ðt0 þ hÞ � f ðt0Þ

h

� �
:

Passing to the limit as h ? 0�, it follows that the lateral derivatives f 0�ðt0Þ and g0�ðt0Þ exist and satisfy F 0ðt0Þ ¼ g0�ðt0Þ; f 0�ðt0Þ
� �

.
Therefore, (c) is shown.

(d) Suppose that F is G-differentiable at t0 in the fourth form (iv). Then, for h > 0 sufficiently small we have
Fðt0Þ�HFðt0 � hÞ
h

¼ f ðt0Þ � f ðt0 � hÞ
h

;
gðt0Þ � gðt0 � hÞ

h

� �
:

Passing to the limit as h ? 0+, if follows that the lateral derivatives f 0�ðt0Þ and g0�ðt0Þ exist and satisfy F 0ðt0Þ ¼ f 0�ðt0Þ; g0�ðt0Þ
� �

.
On the other hand, for h < 0 sufficiently small (in absolute value) we have
Fðt0Þ�HFðt0 � hÞ
h

¼ gðt0Þ � gðt0 � hÞ
h

;
f ðt0Þ � f ðt0 � hÞ

h

� �
:

Passing to the limit as h ? 0�, it follows that the lateral derivatives f 0þðt0Þ and g0þðt0Þ exist and satisfy F 0ðt0Þ ¼ g0þðt0Þ; f 0þðt0Þ
� �

.
Therefore, (d) is shown. h
The following is an immediate consequence of Proposition 1 and Theorem 1.

Corollary 1. Let F : T ! KC be a set-valued function such that F(t) = [f(t),g(t)]. If F is G-differentiable at t0 2 T in two or more of the
cases in Definition 2, then f and g are differentiable at t0, all the limits in (i) � (iv) exist and they are equal to
F0(t0) = {f0(t0)} = {g0(t0)}.
Example 3. We consider the interval-valued function F1 : R! KC defined by F1(t) = [�jtj, jtj]. Then F1 is G-differentiable at 0
in the form (iii) and F 01ðtÞ ¼ ½�1;1�. Since f 01�ð0Þ ¼ 1 > g01�ð0Þ ¼ �1 then F1 is not G-differentiable at 0 in the form (iv).

Now, if we consider the set-valued function F2 : ð�1;1Þ ! KC defined by F2(t) = [�(t + 1), t + 1], for �1 < t 6 0 and
F2(t) = [�(1 � t),1 � t] for 0 6 t < 1. Then F2 is G-differentiable at 0 in the form (iv) and F 02ðtÞ ¼ ½�1;1�. But F2 is not G-
differentiable at 0 in the form (iii) because f 02�ð0Þ ¼ �1 < g02�ð0Þ ¼ 1.

The G-derivative of a set-valued function F in forms (iii) and (iv) is linked to switching points (definition given below). In
fact, from Example 3, we have that F1 is G-differentiable only in the form (ii) on (1,0) and it is G-differentiable only in the
form (i) on (0,1), whereas F1 is G-differentiable at 0 only in the form (iv). So the point 0 is a switching point for differentia-
bility of F1. Analogously, the point 0 is a switching point for differentiability of F2.
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Definition 3 ([43]). Let F : T ! KC be a set-valued function. A point t0 2 T is said to be a switching point for the
differentiability of F, if in any neighborhood V of t0 there exist points t1 < t0 < t2 such that

(type I) F is differentiable at t1 in the sense (i) of Definition 2 while it is not differentiable in the sense (ii) of Definition
2, and F is differentiable at t2 in the sense (ii) of Definition 2 while it is not differentiable in the sense (i) or
Definition 2, or

(type II) F is differentiable at t1 in the sense (ii) of Definition 2 while it is not differentiable in the sense (i) of Definition
2, and F is differentiable at t2 in the sense (i) of Definition 2 while it is not differentiable in the sense (ii) of
Definition 2.
Proposition 3. Let F : T ! KC be a G-differentiable set-valued function on T.

(a) If t0 2 T is a switching point for the differentiability of F of type I, then F is G-differentiable at t0 in the form (iv).
(b) If t0 2 T is a switching point for the differentiability of F of type II, then F is G-differentiable at t0 in the form (iii).
Proof. For this proof, we will assume that F(t) = [f(t),g(t)].

(a) If t0 2 T is a switching point for the differentiability of F type I, then the following limits exist
lim
h!0þ

Fðt0Þ�HFðt0 � hÞ
h

¼ f 0�ðt0Þ; g0�ðt0Þ
� �

; ð2Þ

lim
h!0�

Fðt0Þ�HFðt0 � hÞ
h

¼ g0þðt0Þ; f 0þðt0Þ
� �

: ð3Þ
Because F is G-differentiable at t0 and the limit in (2) exists, it follows that F is G-differentiable at t0 in the sense of Definition
2 (i) or (iv). Moreover, because F is G-differentiable at t0 and the limit in (3) exists, it follows that F is G-differentiable at t0 in
the sense of Definition 2 (ii) or (iv). Thus, F is G-differentiable at t0 in the sense of Definition 2 (iv).

(b) The proof of this part follows the same steps as those of part (a), so we omit it. h

From Theorem 1, it follows that if a set-valued function G-differentiable at a point t0, then all lateral derivatives of the
extreme functions exist at t0. To ensure that the G-differentiability of a set-valued function at a point t0 implies the differ-
entiability of the extreme functions at t0, we need to assume an additional condition, which is stated below.

Condition C1: If F is G-differentiable at t0 2 T in the third form (iii) or in the fourth form (iv), then F 0ðt0Þ 2 R, that is, there
exists a0 2 R such that F0(t0) = {a0}.

Corollary 2. Let F : T ! KC be a set-valued function satisfying condition C1. If F is G-differentiable at t0 2 T, then f and g are
differentiable functions at t0 and
F 0ðt0Þ ¼ min f 0ðt0Þ; g0ðt0Þf g;max f 0ðt0Þ; g0ðt0Þf g½ �:
Corollary 2 shows that the G-differentiability of F implies the differentiability of the extreme functions f and g, assuming that
condition C1 holds. In general, the converse is not true, that is, the differentiability of the extreme functions f and g does not
imply the differentiability of F. To prove it we need to assume the following additional condition.

Condition C2: The length function of F, len(F(t)) = g(t) � f(t), has isolated critical points.
The next result shows that, by assuming that condition C2 is satisfied, the converse of Corollary 2 holds. After proving this

result, we will give an example showing that condition C2 cannot be removed.

Theorem 2. Let F : T ! KC be a set-valued function such that F(t) = [f(t),g(t)]. If f and g are differentiable functions in a
neighborhood V of t0 2 T and F satisfies condition C2 in V, then F is G-differentiable at t0 and
F 0ðt0Þ ¼ min f 0ðt0Þ; g0ðt0Þf g;max f 0ðt0Þ; g0ðt0Þf g½ �:
Proof. Since f and g are differentiable functions at t0, there are three possibilities: (I) f0(t0) < g0(t0) or (II) f0(t0) > g0(t0) or (III)
f0(t0) = g0(t0). Next we separately consider each of them.

Case (I): since f0(t0) < g0(t0), we have (g � f)0(t0) > 0. Then, for h > 0 sufficiently small (g � f)(t0 + h) > (g � f)(t0) and
(g � f)(t0 � h) < (g � f)(t0). Therefore, there exist [f(t0 + h),g(t0 + h)] � H[f(t0),g(t0)] and [f(t0),g(t0)] � H[f(t0

� h),g(t0 � h)]. Since f and g are differentiable functions there exit the limits
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lim
h!0þ

Fðt0 þ hÞ�HFðt0Þ
h

¼ lim
h!0þ

Fðt0Þ�HFðt0 � hÞ
h

:

Thus, F is G-differentiable at t0 in the sense of Definition 2 (i) and F0(t0) = [f0(t0),g0(t0)].

Case (II): since f0(t0) > g0(t0), we have (f � g)0(t0) > 0. Then, for h < 0 sufficiently small (in absolute value) (f � g)(t0 + h) <

(f � g)(t0) and (f � g)(t0 � h) > (f � g)(t0). Therefore, there exist [f(t0 + h),g(t0 + h)] � H[f(t0),g(t0)] and
[f(t0),g(t0)] � H[f(t0 � h),g(t0 � h)]. Since f and g are differentiable functions there exist the limits of the Defi-
nition 2 (ii). Thus F is G-differentiable at t0 in the sense of Definition 2 (ii) and F0(t0) = [g0(t0), f0(t0)].

Case (III): First, let us suppose that t0 is an extremum point of g � f. If t0 is a minimum point, then for h 2 (�d,d), with d
sufficiently small, we have (g � f)(t0 + h) P (g � f)(t0). Thus, for h > 0 there exists [f(t0 + h),g(t0 + h)]
� H[f(t0),g(t0)] and for h < 0 there exists [f(t0 + h),g(t0 + h)] � H[f(t0),g(t0)]. Taking on account the differentiabil-
ity of f and g, F is G-differentiable at t0 in the sense of Definition 2 (iii) and F0(t0) = {f0(t0)} = {g0(t0)}. If t0 is a max-
imum point, then following a similar reasoning we get that F is G-differentiable at t0 in the sense of Definition
2 (iv).

Now, if (g � f)0(t0) = 0 and t0 is not an extremum point then, taking into account that len(F(t)) has isolated critical points, we
conclude that there exists an interval (t0 � d, t0 + d) � T, such that (g � f)0(t) P 0 for all t 2 (t0 � d, t0 + d) or (g � f)0(t) 6 0 for all
t 2 (t0 � d, t0 + d). If (g � f)0(t) P 0 then, for h > 0 sufficiently small, (g � f)(t0 + h) P (g � f)(t0) and (g � f)(t0 � h) 6 (g � f)(t0).
Therefore there exist [f(t0 + h),g(t0 + h)] � H[f(t0),g(t0)] and [f(t0),g(t0)] � H[f(t0 � h),g(t0 � h)].

Thus F is G -differentiable at t0 in the sense of Definition 2 (i) and F0(t0) = {f0(t0)} = {g0(t0)}. Now, if (g � f)0(t) 6 0 for all
t 2 (t0 � d, t0 + d) then, for h < 0 sufficiently small (in absolute value), (g � f)(t0 + h) 6 (g � f)(t0) and (g � f)(t0 � h) P (g � f)(t0).
Therefore, there exist [f(t0 + h),g(t0 + h)] � H[f(t0),g(t0)] and [f(t0),g(t0)] � H[f(t0 � h),g(t0 � h)]. Thus F is G-differentiable at t0 in
the sense of Definition 2 (ii) and F0(t0) = {f0(t0)} = {g0(t0)}. h

The following example shows that condition C2 cannot be removed from Theorem 2.

Example 4. Let us consider the function F : R! KC ,
FðxÞ ¼ 0;1þ x3 sin 1
x

� �
; if x – 0;

½0;1�; otherwise:

(

The functions f and g are differentiable at 0, which is a critical point of g � f, but it is not an isolated critical point. Note that F
is not G-differentiable at 0 since there does not exist d such that F(h) � HF(0) or F(�h) � HF(0) exists for all h 2 (0,d).

The following important result is an immediate consequence of Theorem 2.

Corollary 3. If h : T ! R is a differentiable function on T which has isolated critical points in T and C 2 KC , then F(t) = C�h(t) is G-
differentiable on T and F0(t) = C�h0(t).

Note that the condition ‘‘h has isolated critical points in T’’ cannot be removed from Corollary 3, as we showed in Example 4.
The result in Corollary 3 has been proved in [9] assuming a stronger condition on h.

4. Generalized Hukuhara, Markov and p-derivatives

The authors of [43] have recently introduced the concept of gH-differentiability which is based on the following gener-
alization of the H-difference between two intervals.

Definition 4 ([43]). The generalized Hukuhara difference of two intervals, A and B, (gH-difference) is defined as follows
A	gB ¼ C ()
ðaÞ; A ¼ Bþ C;

or ðbÞ; B ¼ Aþ ð�1ÞC:

�

This difference has many interesting new properties, for example A 	 gA = {0}. Also, the gH-difference of two intervals
A = [a,b] and B = [c,d] always exists and it is equal to (see Proposition 4 in [43])
A	gHB ¼ minfa� c; b� dg;maxfa� c; b� dg½ �:
Thus, for the interval case, the gH-difference of two intervals coincides with the difference defined in Markov [30].
We examine the p-difference of two intervals next. With this aim we first study the equivalence classes. Each equivalence

class can be represented in the form h[x,x + d],0i, d P 0, or hx, [0,d]i, d > 0. This is called the canonical representation (see [37]).
In fact, an arbitrary element h[a,b], [c,d]i belongs to the first class if b � a 6 d � c (with x = a � c and d = (b � a) � (d � c)), and
to the second class if b � a < d � c (with x = a � c and d = (d � c) � (b � a)). For the canonical representation of an equivalence
class we will use the notation (x,d), which implies that
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ðx; dÞ ¼
h½x; xþ d�;0i; if d P 0;
h0; ½�x;�x� d�i; if d < 0:

�

Consequently, to each ðx; dÞ 2 B, we can associate an interval A 2 KC as follows:
A ¼
½x; xþ d�; if d P 0;
½xþ d; x�; if d < 0:

�
ð4Þ
The following result is proven in [37].

Theorem 3 ([37]). The following results hold

(a) (x,d) = (y,b), x = y, d = b,
(b) (x,d) + (y,b) = (x + y,d + b),
(c) a(x,d) = (ax,ad) for each a 2 R.

Now, we are in a position to give the expression of the p-difference of two intervals:
½a; b��p½c; d� ¼ pð½a; b�Þ � pð½c;d�Þ ¼ h½a; b�; ½c;d�i ¼ ða� c; ðb� aÞ � ðd� cÞÞ:
We can associate with [a,b] � p[c,d] the interval (see (4))
C ¼
½a� c; b� d� if ðb� aÞ � ðd� cÞP 0

½b� d; a� c� if ðb� aÞ � ðd� cÞ < 0

(
¼ ½minfa� c; b� dg;maxfa� c; b� dg�: ð5Þ
Now, if we define the p-difference [a,b] � p[c,d] to be the interval (5) then, for n = 1, that is, for compact intervals, the gH-
difference, the difference defined in Markov [30] and the p-difference of two intervals are the same concept.

Based on the gH-difference, the following definition of differentiability for interval-valued functions was introduced by
[43].

Definition 5 ([43]). The gH-derivative of an interval-valued function F : T ! KC at t0 2 T is defined as
F 0ðt0Þ ¼ lim
h!0

Fðt0 þ hÞ	gFðt0Þ
h

: ð6Þ
If F 0ðt0Þ 2 KC satisfying (6) exists, we say that F is generalized Hukuhara differentiable (gH-differentiable) at t0. We say that F
is gH-differentiable on T if F is gH-differentiable at each point t0 2 T.

In view of the equivalence of the gH-difference, difference defined by [30] and p-difference, the gH-differentiability, the
differentiability concept introduced in [30] and the p-differentiability for interval-valued functions will also coincide.

The next result expresses the p-derivative (or gH-derivative or the derivative defined in [30]) in terms of the endpoints of
the interval-valued function.

Theorem 4 ([30]). Let F : T ! KC be a set-valued function such that F(t) = [f(t),g(t)]. If f and g are differentiable functions on T,
then F is p-differentiable on T and
F 0ðtÞ ¼ min f 0ðtÞ; g0ðtÞf g;max f 0ðtÞ; g0ðtÞf g½ �: ð7Þ
The next result expresses the p-derivative in terms of the canonical representation of the equivalence classes which is
very useful in some practical applications. It will also appear in Section 5.
Theorem 5 ([37]). Let F : T ! KC be a set-valued function such that F(t) = [f(t),g(t)]. If f and g are differentiable functions on T,
then F is p-differentiable on T and
DpðxðtÞ; dðtÞÞ ¼ x0ðtÞ; d0ðtÞð Þ;
where Dp(x(t),d(t)) is the p-derivative ([8]) of the pair (x(t),d(t)).

It is interesting to observe that the converse of Theorem 4 (and thus Theorem 5) does not hold, that is, the p-differentia-
bility of F(t) = [f(t),g(t)] does not imply the differentiability of f and g. Next example shows this fact.

Example 5. Consider the function g : R! R defined by g(t) = jtj. We have g is not differentiable at t0 = 0. Now, consider the
interval C = [�1,1] and define the interval-valued function F by F(t) = C � g(t). Then
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Fð0þ hÞ�pFð0Þ
h

¼ 1
h
f½�jhj; jhj��p½0;0�g ¼

1
h
½�jhj; jhj� ¼ jhj

h
½�1;1� ¼ ½�1;1�:
So, F0(0) = [�1,1].
In general, we have the following result.

Theorem 6. Let F : T ! KC be a set-valued function such that F(t) = [f(t),g(t)]. Then, F is p-differentiable at t0 2 T if and only if one
of the following cases holds

(a) f and g are differentiable at t0;
(b) f 0�ðt0Þ; f 0þðt0Þ; g0�ðt0Þ and g0þðt0Þ exist and satisfy f 0�ðt0Þ ¼ g0þðt0Þ and f 0þðt0Þ ¼ g0�ðt0Þ.
Proof. That the p-differentiability of F at t0 implies (a) or (b) has been proved by [30]. Next we prove the converse. If f and g
are differentiable at t0, from Theorem 4 F is p-differentiable at t0 2 T. Suppose that (b) is valid. Then we consider three cases:
(i) f 0þðt0Þ < g0þðt0Þ , (ii) f 0þðt0Þ ¼ g0þðt0Þ and (iii) f 0þðt0Þ > g0þðt0Þ and study each case separately.

Case (i): since f 0þðt0Þ < g0þðt0Þ then
lim
h!0þ

Fðt0 þ hÞ�pFðt0Þ
h

¼ lim
h!0þ

min
f ðt0 þ hÞ � f ðt0Þ

h
;
gðt0 þ hÞ � gðt0Þ

h

� �
;

�

max
f ðt0 þ hÞ � f ðt0Þ

h
;
gðt0 þ hÞ � gðt0Þ

h

� ��
¼ lim

h!0þ

f ðt0 þ hÞ � f ðt0Þ
h

;
gðt0 þ hÞ � gðt0Þ

h

� �
¼ f 0þðt0Þ; g0þðt0Þ
� �

:

Since f 0�ðt0Þ ¼ g0þðt0Þ and f 0þðt0Þ ¼ g0�ðt0Þ, then g0�ðt0Þ < f 0�ðt0Þ. So,
lim
h!0�

Fðt0 þ hÞ�pFðt0Þ
h

¼ lim
h!0�

gðt0 þ hÞ � gðt0Þ
h

;
f ðt0 þ hÞ � f ðt0Þ

h

� �
¼ g0�ðt0Þ; f 0�ðt0Þ
� �

:

Moreover, since f 0�ðt0Þ ¼ g0þðt0Þ and f 0þðt0Þ ¼ g0�ðt0Þ, we have
lim
h!0þ

Fðt0 þ hÞ�pFðt0Þ
h

¼ lim
h!0�

Fðt0 þ hÞ�pFðt0Þ
h

:

Therefore, F is p-differentiable at t0.
Case (ii): Since f 0þðt0Þ ¼ g0þðt0Þ; f 0�ðt0Þ ¼ g0þðt0Þ and f 0þðt0Þ ¼ g0�ðt0Þ, we have that f and g are differentiable at t0, then by

Theorem 4, F is p-differentiable at t0 2 T.
Case (iii): For this case, we proceed analogously to Case (i). h

The following result relates G-differentiability and p-differentiability.

Theorem 7. Let F : T ! KC be a set-valued function. If F is G-differentiable at t0 2 T then F is also p-differentiable at t0.
Proof. If F is G-differentiable at t0 in the first form (i) or in the second form (ii), from Theorem 1, f and g are differentiable at
t0. Thus, from Theorem 4, F is p-differentiable at t0. If F is G-differentiable in the third form (iii) or in the fourth form (iv), from
Theorem 1, the functions f and g satisfy the case (b) of the Theorem 6. Therefore, F is p-differentiable at t0 and the proof is
completed. h

Example 4 shows that the converse of Theorem 7 is not valid. The equivalence between the G-differentiability and the gH-
differentiability has been proved in [43] by assuming the following additional condition.

Condition C3: The set of switching points is finite.

Theorem 8 ([43]). Let F : T ! KC be a set-valued function. Then F is G-differentiable on T if and only if F is p-differentiable on T
and condition C3 holds.

The following diagram summarizes the relationships between G-differentiability, p-differentiability and the differentia-
bility of the extreme functions.
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5. An application to interval differential equations

We consider the initial value problem
X0ðtÞ ¼ Fðt;XðtÞÞ;
Xð0Þ ¼ X0;

�
ð8Þ
where F : ½0; T� � KC ! KC is a continuous function and X0 is an interval. Note that there are different interpretations of the
problem (8). For example, we can consider the H-derivative ([19,40–42]), the generalized derivative ([9,10,15–17]), or the
gH-derivative ([43]). The problem (8) can also be seen as a family of differential inclusions [20,21,25].

This section considers the p-derivative for the problem (8). For this, we denote by X0pðtÞ the p-derivative of X at t. Then, we
will study the following problem
X0pðtÞ ¼ Fðt;XðtÞÞ;
Xð0Þ ¼ X0;

�
ð9Þ
where F : ½0; T� � KC ! KC is a continuous function and X0 is an interval. A solution to (9) is a continuous function X : T ! KC

which verifies the Eq. (9) for each t 2 [0,T].
Taking into account Theorems 3 and 5, we obtain a useful procedure to solve the interval differential Eq. (9). In fact,

denoting
XðtÞ ¼ ½f ðtÞ; gðtÞ�; X0 ¼ ½xL
0; x

U
0 �;
we obtain
pðXðtÞÞ ¼ ðxðtÞ; dðtÞÞ; pðX0Þ ¼ ðx0; d0Þ;
where xðtÞ ¼ f ðtÞ; dðtÞ ¼ gðtÞ � f ðtÞ; x0 ¼ xL
0 and d0 ¼ xU

0 � xL
0. Let
Fðt;XðtÞÞ ¼ Uðt; xðtÞ; dðtÞÞ;Vðt; xðtÞ; dðtÞÞ½ �:
Then, associated with the interval differential Eq. (9), we have the following two ordinary (systems of) differential equations:
CaseðIÞ
x0ðtÞ ¼ Uðt; xðtÞ; dðtÞÞ;
d0ðtÞ ¼ Vðt; xðtÞ; dðtÞÞ � Uðt; xðtÞ; dðtÞÞ;
xð0Þ ¼ x0; dð0Þ ¼ d0;

8><
>:
and
CaseðIIÞ
x0ðtÞ ¼ Vðt; xðtÞ; dðtÞÞ;
d0ðtÞ ¼ Uðt; xðtÞ; dðtÞÞ � Vðt; xðtÞ; dðtÞÞ;
xð0Þ ¼ x0; dð0Þ ¼ d0:

8><
>:
whose solutions give the two solutions to our interval differential Eq. (9).

Example 6. Let us consider the Malthusian problem,
X0pðtÞ ¼ �kXðtÞ;
Xð0Þ ¼ X0;

�
ð10Þ
where k > 0 and the interval initial condition X0 = [�a,a], a > 0.

Case (I) The first solution to (10) is obtained by solving the differential system
x0ðtÞ ¼ �kxðtÞ � kdðtÞ; xð0Þ ¼ �a;

d0ðtÞ ¼ kdðtÞ; dð0Þ ¼ 2a:

�
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The solution to the above system is
xðtÞ ¼ �aekt ; dðtÞ ¼ 2aekt:
Note that d(t) P 0, for all t > 0. Thus, there exists a solution X(t) to problem (10) for all t > 0, such that
XðtÞ ¼ xðtÞ; xðtÞ þ dðtÞ½ � ¼ �aekt ; aekt
� �

¼ Xð0Þekt:
Case (II) The second solution to (10) is obtained by solving the differential system
x0ðtÞ ¼ �kxðtÞ; xð0Þ ¼ �a;

d0ðtÞ ¼ �kdðtÞ; dð0Þ ¼ 2a:

�

The solution to this system is
xðtÞ ¼ �ae�kt; dðtÞ ¼ 2ae�kt :
Note that d(t) P 0 for all t > 0. Thus, there exists a solution X(t) to (10) for all t > 0, such that
XðtÞ ¼ xðtÞ; xðtÞ þ dðtÞ½ � ¼ ½�ae�kt; ae�kt� ¼ Xð0Þe�kt:
5.1. p-derivative for fuzzy functions

Recently in [18] the authors have introduced a concept of p-derivative for fuzzy functions as a generalization of p-deriv-
ative for interval valued functions, similar to that introduced by Seikkala [45]. As an application, they have also studied fuzzy
differential equation with p-derivative. Next we sketch the ideas introduced in [18].

Let F be the set of all fuzzy intervals with bounded a-level intervals. This means that if u 2 F then the a-level set is a
closed bounded interval which we denote by [u]a, for all a 2 [0,1]. A mapping X : T ! F is called a fuzzy function. Let us
denote
½XðtÞ�a ¼ XaðtÞ ¼ faðtÞ; gaðtÞ½ �; t 2 T; 0 6 a 6 1:
Note that Xa is a set-valued function for each a 2 [0,1]. The p-derivative X 0pðtÞ of a fuzzy function X is defined by
½X0pðtÞ�
a ¼ X0apðtÞ; 0 6 a 6 1; ð11Þ
provided that is equation defines a fuzzy interval X0pðtÞ 2 F . Note that, if the family fX 0apðtÞg satisfies the conditions of the
Representation Theorem [19], then there exists the p-derivative X 0pðtÞ of the fuzzy function X.

Example 7. Consider the fuzzy function X : ð0;þ1Þ ! F C defined by
XðtÞðsÞ ¼

s
t þ 1; if � t 6 s 6 0;

� s
t2 þ 1; if 0 6 s 6 t2;

0; if s R ½�t; t2�:

8><
>:
Then, for all a 2 [0,1] we have
½XðtÞ�a ¼ faðtÞ; gaðtÞ½ � ¼ ða� 1Þt; ð1� aÞt2� �
;

and
X0apðtÞ ¼ ½ða� 1Þ;2ð1� aÞt�:
Now, the family X0apðtÞ
� 	

a2½0;1� satisfies the conditions in the Representation Theorem [19] for each t > 0. Therefore, there ex-

ists the p-derivative X 0pðtÞ of the fuzzy function X for each t > 0 and
X 0pðtÞ
� �a ¼ ½ða� 1Þ;2ð1� aÞt�:
6. Conclusions and future research

This article has studied relationships between the concepts of G-derivative, gH-derivative, Markov-derivative and p-
derivative for interval-valued functions. For the interval case, some of the results have been obtained separately by
[9,43]. Our study can be applied directly to intervals and to the extensions of these derivatives to the fuzzy case which
was developed in Sub Section 5.1, (also see [18]).

An interesting line of work is the study of fuzzy differential equations with p-derivative and the analysis of the relation-
ships between this interpretation and those already existing in the literature. For instance, developing relationships between
what we developed and fuzzy differential equations with H-derivative [11,35,40,42], fuzzy differential inclusions [20,21,25]
and fuzzy differential equations using Zadeh’s Extension Principle [16,22,27,34], among others.
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