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Abstract

In this paper, we review some algebraic control system. Precisely,
linear and bilinear systems on Euclidean spaces and invariant and linear
systems on Lie groups. The fourth classes of systems have a common
issue: to any class, there exists an associated subgroup. From this object,
we survey the controllability property. Especially, from those coming from
our contribution to the theory.
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1 Introduction

This review was intended as an attempt to motivate researchers to take attention
of some special classes of algebraic systems on Lie groups. In this paper, we
analyze the following categories of systems

1. ΣLin(R
d) : Linear systems on the Euclidean space Rd

2. ΣBil(Rd) : Bilinear systems on the Euclidean space Rd

3. ΣInv(G) : Invariant systems on a Lie group G

4. ΣLin(G) : Linear systems on a Lie group G

The fourth mentioned classes of control have a common issue: they have an
associated semigroup which is a perfect algebraic object to study controllability,
one of the most relevant problems in control theory. The controllability property
gives the possibility to connect any two arbitrary elements through a solution of
the system in nonnegative time. It has been a subject of enormous interest and
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has generated a vast research activity. However, still, there is no general criterion
to characterize this property even for systems with strong differentiable and
algebraic structures. After introducing the associated semigroup of a specific
class, we mention some related controllability properties. We mainly refer those
coming from our contribution to the theory.

In the sequel, we summarize the different chapters of this survey.
In chapter two, we study some general facts about control systems on differ-

ential manifolds. We introduce the notion of accessible, controllable and control
sets. We mention the orbit theorem related to the idea of transitivity and the
definition of Lie bracket. We also introduce the definition of normalizer when
the manifold is a Lie group. This algebraic object contains all the systems in-
volved in this article when we consider the piecewise constant function as the
admissible class of control.

In chapter three we show that to the class of unbounded linear systems
ΣLin(Rd), the accessible set from the origin is a subspace, which determines
controllability as soon as this subspace has a nonempty interior, see (Kalman &
Narendra 1962). When the controls are restricted, we mention a result from
(Colonius & Kliemann, 2000-a), where the authors show the existence and
uniqueness of a control set with a nonempty interior. Mostly, a control set
C is a subset of the state space where the system is approximately controllable
on the boundary ∂C, and it is controllable on its interior int(C).

Chapter four takes care of the controllability property of bilinear systems.
Despite the fact that this class of system has been a source of research for more
than 40 years, still, there is not a complete characterization. In this case, the
origin is a global singularity, so the accessible set from the identity is trivial.
However, there exists a semigroup associated with the system. We refer an
algebraic approach, (Elliot, 2009), especially when the controls are unrestricted.
For restricted control, we follow the reference (Colonius & Kliemann, 2000-a)
where the authors give a dynamic analytic approach that can be applied to the
bilinear case. The main ingredients are the projection of the system on the
sphere (actually on the projective space), the notion of chain control set and
the Morse spectrum. We describe some results on dimension two.

Chapter five contains a short review of Lie theory. In fact, linear and bilinear
control systems on the Euclidean space Rd are relevant from the practical and
theoretical point of views. But, many applications are coming from mechanical
or physical problems where the state space is not the vector space Rd but a
Lie group. For instance, see (Brockett, 1972), (Dubins, 1957), (Isidori, 1998),
(Jurdjevic, 1997-a) and (Jurdjevic, 1997-b). Furthermore, a bilinear system can
also be approached by Lie theory. In fact, the Lie algebra generated by the
matrices of the system plays an essential role.

In chapter six, we study the class of invariant systems on Lie groups. There
are many controllability results which are obtained on specific state spaces. We
mention few of them, first (Brockett, 1972) which is the starting point of this
class of systems. In (Jurdjevic & Sussmann 1972-a), the authors work on
general Lie groups. In (Hilgert, Hofmann & Lawson, 1985) and (Ayala, 1995)
they characterize the nilpotent case. In (Sachkov, 1999) an extension from
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nilpotent to completely solvable Lie groups is done. For a complete survey on
the topic see references (Sachkov, 1999, 2000 and 2006).

For the class of unrestricted linear systems on Lie groups, in chapter seven
we mention results coming from (Markus,1980), (Ayala & Tirao, 1999), (Ayala
& San Martin, 2001), (Jouan, 2010), (Jouan, 2011). For the restricted case, we
include recent results relative to the boundness and uniqueness of control sets,
(Ayala & Da Silva, 2016-b). Despite the fact that the accessible set A from
the identity is not a semigroup we associate to the linear system a semigroup S
which depends on A, (Ayala & Da Silva, 2016-a).

According to every particular class of systems, we include controllability
results. Especially those coming from our contribution to the theory. Except
for some results of the first class, in general, we do not add the proofs. However,
when it is possible, we explain the meaning of theorems and notions through
examples. We start the review in a more general set up.

2 Some general facts of systems on manifolds

Let us consider an ordinary differential equation X on a connected differentiable
manifold M of dimension n which model a real dynamic system. A control sys-
tem on M allows modifying the behavior of X according to different strategies
denominated controls. From the mathematical side, in our case from the differ-
ential geometry point of view, a control system Σ = (M,D) can be stated as a
family of vector fields D coming from a family of differential equations

·
x(t) = X(x(t)) +

m�

j =1

uj(t)Y
j(x(t)),

where X is the drift, i.e., the dynamic to be controlled. The vector fields Y j ,
j = 1, ...,m, are defined onM and are weighted by the class of admissible locally
integrable functions u ∈ U = {u : R→ Ω ⊂ Rm, u is locally integrable} is the
set of the admissible controls with Ω closed, convex and 0 ∈ int(Ω).

The set U of admissible controls is closed under concatenation. If u, v ∈ U ,
then w = u ∗ v ∈ U , where

w(t) =

�
u(t), t ∈ [0, T ),

v(t− T ), t ∈ [T,∞).

The system Σ should guarantee the existence and uniqueness of a solution
φ(x, u, t) (also denoted by φut (x)), of any differential equation associated to a
specific control u an arbitrary initial state x of M and t ∈ Dom(φ(x, u, ·)). In
our particular classes of control systems any vector field is complete, means that
the solution φ(x, u, t) is well defined at any t ∈ R.

Given a control system Σ, some natural mathematical problems which are
hard to answer. For instance, the controllability property. Let x be an initial fix
state of M and y ∈ M arbitrary, does y can be reached from x in nonnegative
time through an admissible solution of Σ? If the answer is affirmative, we
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say that y is accessible from x through Σ. A control system Σ is said to be
controllable from x if the accessible set A(x) of Σ from x defined by

A(x) = {y ∈M : ∃u ∈ U , t ≥ 0 : φ(x, u, t) = y}

is the whole space. And Σ is said to be controllable if it is controllable from any
point of the manifold. The set of controllable points to x is defined by

A∗(x) = {y ∈M : ∃u ∈ U , t ≥ 0 : φ(y, u, t) = x}.

Furthermore, a state x ∈M is said to be accessible from x in T ≥ 0 units of
time (in exactly T ≥ 0 units of time) if there exists u ∈ U , and t ∈ [0, T ] such
that φ(y, u, t) = x, (∃u ∈ U : φ(y, u, T ) = x). We denote by A(x, T ) and E(x, T )
the accessible set from x in T units of time and in exactly T units of time,
respectively. Of course, A(x) = ∪t ≥ 0 A(x, t) = ∪T ≥ 0 E(x, T ).

Not any arbitrary system is controllable, and it is of interest to know whether
a system Σ is controllable or not. It is worth to point out that it is a challenge
to characterize this property for general systems, especially when Ω is a proper
subset of Rm. In this more realistic way, sometimes it is possible to distinguish
a particular subset of M with a nonempty interior where the system is approx-
imately controllable, in the following sense.

A nonempty set C ⊂M is called a control set of Σ if for every x ∈ C

i) there exists u ∈ U such that φ(t, x, u) ∈ C, for any t ≥ 0

ii) C ⊂ cl(A(x)), where cl denotes the closure, and

iii) C is maximal concerning the conditions (i) and (ii).

See (Colonius & Kliemann, 2000-a) and (San Martin, 1993).
In this review, we consider a semigroup associated with some classes of

algebraic control systems. Means, systems with an algebraic structure on the
manifold and the dynamics. It turns out that on a connected Lie group, a
semigroup with a nonempty interior containing a neighborhood of the identity
element e generates all the group. Therefore, when the accessible set from the
identity is a semigroup, local controllability from e implies global controllability
from the identity. Unfortunately, in (Ayala & San Martin, 2001) it is shown
that for a linear control system on the Lie group SL(2,R) the accessibility set
from e is not a semigroup. Furthermore, for a transitive linear system on a Lie
group G the author in (Jouan, 2011) shows that A(e) is a semigroup if and only
if it coincides with G.

For a general system Σ = (M,D), a fundamental result is the Orbit Theo-
rem (Sussmann, 1973), which allows reducing the state space M of any initial
condition x to its orbit, i.e., the differentiable manifold determined by

GΣ(x) =
�
Z1t1 ◦ ... ◦ Zk

tk
(x) : Zj ∈ D, k ∈ N and tj ∈ R

�
⊂M.

Here, (Zt)t ∈ R stands for the flow of the vector field Z, a 1-parameter group of
M-diffeomorphisms. Observe that GΣ is a group of global diffeomorphism and
SΣ =

�
Z1t1 ◦ ... ◦ Zk

tk
: k ∈ N, Zj ∈ D and tj ≥ 0

�
is a semigroup.
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In this review we consider linear and bilinear systems on the Euclidean space
Rd and invariant and linear systems on a connected Lie group G with Lie algebra
g. For all of these systems, the Lie algebra generated by the corresponding vector
fields D is finite dimensional. In fact, as we will see, the normalizer

n = {Z ∈ X∞(G) : [Z, g] ⊂ g}

of g in the set X∞(G) of smooth vector fields on G, contains for any piecewise
constant control every dynamic of our four classes of systems. Actually, in
(Ayala & Tirao, 1999) it is shown that n is diffeomorphic to the semidirect
product between g and the Lie algebra aut(G) of the Lie group Aut(G) of all
G-automorphism, i.e., n ∼= g×saut(G). The normalizer is finite dimensional with

dimension dim(g) + ((dim(g))2 at most. And SpanLA(D) ⊂ n.
Except for ΣLin(R

d), without loss of generality we assume that any system
is transitive, which means that any two points can be connected considering
positive and negative times. In other words, GΣ(e) = G ⇔ SpanLA(D) = g.

The Lie bracket [X,Y ] is defined by

[X,Y ] (x) = (
d

dt
)t = 0+ Y−

√
t ◦X−

√
t ◦ Y

√
t ◦X

√
t(x).

Since the bracket depends on negative times, SpanLA(D) is related to the con-
trollability property but not too much. According to the orbit theorem, it is
possible to recover the orbit just by a derivation. In fact, the tangent space of
any orbit is given by TyG(x) = SpanLA(D)(y).

Let us fix some ideas. In our context the Lie group G could be the real vector
space Rd, a sphere Sn, i.e., when n = 1, 3, 7, a torus Tn = S1 × S1 × ...× S1,
the Heisenberg group. We also consider any connected matrix group, such as
GL+(n,R) the invertible real matrices of order n, or their subgroups SL(n,R)
and SO(n,R), the matrix groups of determinant 1 and orthogonal, respectively.

3 Linear control systems on Euclidean spaces

We start with an example which contains important ingredients of the theory.

Example 1 In the Pontryagin book, (Pontryagin, Boltianski, Gamkrelidze &
Mishchenko, 1961) the authors establish the following optimal problem: how to
stop a train at the station at a minimum time? Consider the ideal case of a
straight railway line. For any t ≥ 0, denotes by x(t) the distance from the train
to the station, that we consider as the origin. The force is giving F = ma and

a(t) =
·
y(t) where y(t) is the velocity and m = 1. We get on R2

·
x(t) = y(t),

·
y(t) = u(t), u ∈ U = {u : R→ [−1.1] , u is locally integrable} .

The train is controlled by u = a and we get a restricted linear system on R2:

ΣLin(R
2) :

�
ẋ(t)
ẏ(t)

�
=

�
0 1
0 0

��
x(t)
y(t)

�
+

�
0
1

�
u(t), u ∈ U .
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Geometrically, for a given point (x0, y0) ∈ R2 we need to find a solution of the
system transferring the initial condition to the origin (0, 0) at minimum time. By
some elementary computation rank(BAB) = 2 and Spec(A) = {0} .According
to Theorem 8, the system is controllable. Hence, there exists one control con-
necting (x0, y0) to (0, 0). By the Pontryagin Maximum Principal (Pontryagin et
al.,1961), it turns out that the optimal control u∗ exists and it takes it optimal
values in the boundary ∂Ω = {−1, 1} . The solutions of u = −1 and u = 1, are
parabolas. We denote by u−1 the intersection of the solution through the origin
for u = −1 with the half-plane y > 0 and by u1 the intersection of the integral
curve through the origin determined by u = 1 with the half-plane y < 0. So,
the maximal breaking (u−1) and acceleration (u1) are optimal curves arriving
at the origin, which allows to solve the problem starting at any point (x0, y0)
and reaching the origin with at most one change: from −1 to 1 or conversely.
It is worth to mention that the Pontryagin Maximum Principle got the Lenin
Prize in Russia recognizing its great contribution to the Society.

The classical linear system ΣLin(R
d) = (Rd,D) on the Euclidean space Rd

is determined by the dynamics of D coming from

ẋ(t) = Ax(t) +
m�

j =1

uj(t) b
j , bj ∈ Rd and u ∈ U

with Ω is a closed and convex subset of Rm with 0 ∈ int(Ω). Here A ∈ gl(d,R),
the Lie algebra of the real matrices of order d. The classical cost matrix B is
built with the columns vectors bj , called the control vectors, j = 1, ...,m.

Essentially, this system depends on two kinds of dynamics. The linear and
the invariant ones. In fact, the linear differential equation ẋ(t) = Ax(t) on Rd

is controlled by m invariant constant vector fields bj , j = 1, ...,m. On the other
hand, any vector b in the Abelian Lie algebra Rd induces by translation an
invariant vector field Zb(x) = b on the commutative Lie group Rd.

Given an initial condition x0 ∈ Rd and u ∈ U , it is possible to describe the
solution of the system completely as follows

φut (x0) = etA
�
x0 +

� t

0

e−τA B u (τ) dτ

�

which satisfy the Cauchy problem with initial value
·
x = Ax+Bu, x (0) = x0.

Thus, φut (x0) with t ∈ R describes a curve in Rd such that starting from x0 the
elements on the curve are reached from x0 forward and backward through the
specific dynamic of the linear system determined by the controls.

Next, we show that in the unrestricted case, i.e., when Ω = Rm, the acces-
sibility set of a linear control system on Rd is a semigroup. Means, a vector
subspace of (Rd,+). Since the proof is direct, we include it here. We follow the
reference (Ayala & Zegarra, 2001).

Theorem 2 Let ΣLin(Rd) be an unrestricted linear control system. Then,
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1. For any x0 ∈ Rd and T > 0

E (x0, T ) ⊂ A (x0, T ) ⊂ A (x0) and eTAx0 +A (0, T ) ⊂ A (x0, T )

2. 0 ≤ T1 ≤ T2 ⇒ E (0, T1) ⊂ A (0, T2)

3. For any T > 0 the sets E (0, T ) and A (0) are vector subspaces

Proof. Property (1) comes directly from the solution shape. To prove (2) just
observe that it is possible to rest at the origin with u = 0. Finally, by definition

E (0, T ) =

�

φuT (0) = eTA
� T

0

e−τA Bu (τ) dτ : u ∈ U

	

.

Under the hypothesis Ω = Rm the set U is a vector space. Actually,

φu1T (0) + φu2T (0) = φu1+u2T (0) and φλuT (0) = λφuT (0) .

As the union of an increasing chain of subspaces, E (0, T ) is a vector space.
Furthermore, it is possible to characterize A (0) in an algebraic way. Denote

by �A,B� the small A-invariant subspace of Rd containing Im(B). The proof of
the next two propositions are rather standard and we omit it.

Proposition 3 Let ΣLin(R
d) be an unrestricted linear control system. Then,

E (0, T ) = �A,B� for any T > 0.

Proposition 4 Let ΣLin(R
d) be an unrestricted linear control system. The

following conditions are equivalent

ΣLin(Rd) is controllable ⇔ There exists x0 ∈ Rd such that ΣLin(Rd) is
controllable from x0 ⇔ ΣLin(R

d) is controllable from the origin ⇔ A (0, T ) =
Rd, for any T > 0 ⇔ E (0, T ) = Rd, for any T > 0 ⇔ Rd = �A,B� .

The next result due to Kalman, (Kalman, Ho & Narendra, 1962) provides a
criterion for testing controllability. Let us denote by

K =


B AB A2 B...An−1B

�

the d× dm matrix associated to the dynamic A and B of ΣLin(R
d).

Theorem 5 (Kalman rank condition) The unrestricted linear control system
ΣLin(Rd) is controllable ⇔ rank(K) = d.

Proof. At present we will merely show that

�A,B� =
�
Ak bj : j = 1, 2, ...,m , k = 0, 1, 2, ..., n− 1

�
.

But, the Cayley-Hamilton theorem said that it is not necessary to compute
Ak bj , for j = 1, 2, ...,m, when k ≥ n.
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Remark 6 When Ω = Rm the accessible set from the origin is a subspace. But
its interior could be empty. Equivalently, dimA(0) < n.

What happens if Ω � Rm? It turns out that in few cases A(0) is still a
subspace. Precisely, in (Colonius & Kliemann, 2000-a) the authors show the
following theorem. Assume that Ω is a compact set with 0 ∈ int(Ω).

Theorem 7 Let ΣLin(R
d) be a restricted linear control system which satisfies

the Kalman condition. Hence, there exists one and only one control set with an
nonempty interior containing the origin and it is given by C = cl(A(0))∩A∗(0).
Furthermore, the system is controllable at the open set int(C).

We suggest to the readers see a concrete example in (Colonius & Kliemann,
2000-a). Finally, as a direct consequence, we get

Theorem 8 As before let ΣLin(Rd) be a restricted linear control system which
satisfies the Kalman condition. Therefore,

ΣLin(R
d) is controllable on Rd ⇔ Spec(A)Ly = {0} .

Here, Spec(A)Ly means the Lyapunov spectrum of the matrix A, i.e., the set of
the real parts of the eigenvalues in Spec(A). In this particular case, the accessi-
bility set A(0) is also a subspace and equals to Rd.

4 Bilinear control systems on Euclidean spaces

Bilinear control systems are relevant from both, the theoretical (Colonius &
Kliemann, 2000-a), (Elliot, 2009) and (Isidori, 1998); and from the practical
point of view, (Ledzewick & Shattler, 2006) and (Mohler, 1973). A bilinear
control system ΣBil(R

d) is determined by the family of differential equations

ẋ(t) =



A+
m�

j=1

uj(t)Bj



x(t), t ∈ R, x(t) ∈ Rd. (bilinear)

Here, A,B1, . . . , Bm ∈ gl(d,R) and in this case we take u ∈ U where

U = {u : R→ Ω ⊂ Rm, u is piecewise constant control}

is the set of the admissible controls with Ω compact, convex and 0 ∈ int(Ω).
At once you can see that the Lie algebra generated by the matrices ∇ =

SpanLA {A,B1, . . . , Bm} is a Lie subalgebra of gl(d,R). In fact, the Lie bracket
[A,B] = AB−BA ∈ gl(d,R), for any A,B ∈ gl(d,R). In particular, there exists
a connected Lie subgroup G ⊂ GL(d,R) with Lie algebra ∇, (Warner, 1971).

If Σ = (M,D) has a global singularity let say at x0, then it is possible to lin-
earize the vector fields of the system obtaining a bilinear system ΣLin(R

d, x0).
Global information of ΣLin(R

d, x0) gives local information of Σ, precisely like
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in the classical approach of Hartman-Grobman (Hartman, 1960). Contrary to
the linear system on Euclidean spaces, the control vectors of ΣBil(R

d) have an
influence on the state. This situation allows using the Lie theory systematically.
For any constant control u, the bilinear system determines a linear differen-
tial equation and D is a family of matrices. Just observe that the differential
equation

ẋ(t) = Ax(t), x(0) = x0, x(t) ∈ R
d

has the solution x(t) = etAx0. At the same time the solution of

Ẋ(t) = A(t), X(0) = Id, X(t) ∈ GL+(d,R)

is given by X(t) = etA. As we will see in the next section, it is possible to know
the behavior of the control system ΣBil(R

d) at the point x0 through the action
of ΣInv(G) defined on the invertible matrix group GL(d,R) of order d. Actually,
G is built as the connected subgroup with Lie algebra SpanLA(D).

Controllability of bilinear systems has been a source of research since more
than 40 years, but still, there is not a complete characterization. There exists an
algebraic approach, (Elliot, 2009), especially when the controls are unrestricted.
For the restricted case, there exists an analytic approach on fiber bundles that
can be applied to ΣBil(R

d). For the following definitions and results, we refer
to (Colonius & Kliemann, 2000-a), Chapters 7 and 12.

Assume the system satisfies the LARC property at any x ∈ Rd-{0} , i.e.,

dim(SpanLA{A+
m�

i=1

uiBi : u ∈ U}(x)) = d. (1)

The control system ΣBil(Rd) has the following associated systems:

a) The angle system PΣ defined by the projection of ΣBil(Rd) onto Pd−1,

PΣ : ṡ(t) = h(A, s(t)) +
m�

i=1

ui(t)h(Bi, s(t)), s ∈ Pd−1, (2)

here h(A, s) = (A− sTAsI)s, where I is the identity matrix and u ∈ U

b) The radial system defined on R+ by r(t) = ||ϕ(t, x, u)||.

The solutions of the projected system (2) are denoted by Pϕ(t, s, u) for the
initial value Pϕ(0, s, u) = s ∈ Pd−1. The real projective space Pd−1 is deter-
mined by a quotient manifold Pd−1 ∼= Sd−1/ ∼, where the antipodal differen-
tiable equivalence relation is defined by x ∼ y⇔ y = ±x.

Since for any control u ∈ U the origin is a singularity of any bilinear system,
we need to define what we understand for controllability. Let us introduce the
associated semigroup to ΣBil(R

d) as follows

SΣ =
�
et1(A+u1B) · · · etk(A+ukB) : tj ≥ 0, j = 1, ..., k and uj ∈ R

�
.
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Definition 9 A bilinear control system ΣBil(Rd) is said to be controllable on
Rd-{0} if given any two points x, y ∈ Rd-{0} there exists u ∈ U and t ≥ 0
transferring x to y at t units of time. In other words, ∃ψ ∈ SΣBil(Rd) : y = ψ(x).

There are many controllability results to this class of control system. In this
paper, we concentrate on the specific case of dimension two. In particular, we
show some contribution that we have done, (Ayala & San Martin, 1994) and
(Ayala, Cruz, Lauro & Kliemann, 2016).

Next, we establish a fundamental result of this theory due to Colonius and
Kliemann, (Colonius & Kliemann, 2000-a). For that, we need to introduce
some notions. For a solution ϕ(t, x, u) with x  = 0 and u ∈ U the Lyapunov
exponent of the pair (u, x) is defined as λ(u, x) = lim sup

t→∞
1
t
log !ϕ(t, x, u(·))!.

The Lyapunov spectrum consists of all Lyapunov exponents, i.e.ΣLy = {λ(u, x) :
(u, x) ∈ U × Rd-{0}}. Extremal Lyapunov exponents are defined globally by
κ∗ = infu∈ U infx �= 0 λ(u, x), κ = supu ∈ U supx �= 0 λ(u, x). In particular, when
Ω is compact −∞ < κ∗ ≤ κ <∞. It turns out that

Theorem 10 (Colonius & Kliemann, 2000-a) Consider the bilinear control sys-
tem ΣBil(R

d) and its projected system (2) satisfying (1). Are equivalents

1. ΣBil(R
d) is controllable in Rd-{0}

2. The system PΣ ( 2) is controllable on Pd−1 and 0 ∈ (κ∗, κ).

Theorem 11 (Colonius & Kliemann, 2000-a) Consider the bilinear control sys-
tem ΣBil(R

d) and its projected system (2) satisfying (1). If (2) is controllable
on Pd−1, it turns out that [κ∗, κ] = ΣLy.

In the sequel, we concentrate on bilinear systems on dimension 2.

Theorem 12 (Ayala, Cruz, Lauro & Kliemann, 2016). Consider the unre-
stricted bilinear control system with d = 2, Ω = R and assume that the Lie
algebra rank condition (1) holds. Then, the projected angle system is control-
lable on P1 ⇔ there exists a constant control u ∈ R such that A + uB has a
complex eigenvalue.

Example 13 First we consider the bilinear single control system

˙�
x1
x2

�
=

��
2 0
0 1

�
+ u(t)

�
2 2
0 1

���
x1
x2

�
.

The projected angular system on S1 satisfies the differential equation

θ̇ = [(1 + u(t) cos(θ)− 2u(t) sin(θ)] sin(θ).

Since θ = 0 is a common fixed point it does not satisfy LARC. In particular,
the projected system is not controllable on P1. The same situation happens for

˙�
x1
x2

�
=

��
2 0
0 1

�
+ v(t)

�
1 0
2 1

���
x1
x2

�
.
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But, if you combine both systems as

˙�
x1
x2

�
=

��
2 0
0 1

�
+ u(t)

�
2 2
0 1

�
+ v(t)

�
1 0
2 1

���
x1
x2

�

The projected angle system on S1 reads as

f((u(t), v(t)), α) = −(1 + u(t) sin(α) + 2(u(t) + v(t)) cos(α) + 2(u(t)− v(t))

and one can check easily that (1) is satisfied. Computing the eigenvalues for a
constant control (u, v) we get

λ(u, v) =
3

2
+

3

2
u+ v ±

1

2

�
(1 + u)2 + 16uv.

By taking u = 1 and v = −1 we obtain a pair of complex eigenvalues. Hence
the system is controllable on P1.

Controllability conditions for an unrestricted system Σ = ΣBil(Rd)

Σ : ẋ(t) = (A+ uB)x(t), t ∈ R, x(t) ∈ R2 (3)

where given in (Bragas et al. 1996), (Joó & Tuan, 1992). In this case u ∈ U
with Ω = Rm, and A,B ∈ gl(2,R). Furthermore,

Theorem 14 (Ayala & San Martin, 1994) Assume A,B ∈ sl(2,R). Then, the
unrestricted system

Σ : ẋ(t) = Ax(t) + uBx(t), u ∈ R

is controllable in R2-{0} if and only if det [A,B] < 0.

We would like to show that the algebraic condition in the previous theorem
is very interesting geometric condition. In the sequel, we follow. For the Lie
theory, see next section.

Given a Lie algebra g and X ∈ g, the adjoint map ad(X) : g→ g is defined
by ad(X)(Y ) = [X,Y ] . The Cartan-Killing form, k(X,Y ) = tr(ad(X) ◦ ad(Y ))
induced the quadratic non degenerate form Q(Z) = tr(Z2). Through this form,
it is possible to identify the Lie algebra sl(2,R) with R3 with axis

H =

�
1 0
0 −1

�
, S =

�
0 1
1 0

�
, A =

�
0 −1
1 0

�
.

corresponding to the hyperbolic, symmetric and skew-symmetric basis elements.
The set C = Q(0) is a double cone with axis the line generated by A. Denote
by Cint = {Z : Q(Z) < 0} and Cext = {Z : Q(Z) > 0} . The elements of C
are nilpotent matrices. While Cint contain all the matrices with imaginary
eigenvalues the elements of Cext are the diagonal real matrices.
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Theorem 15 (Ayala & San Martin, 1994) Assume det [A,B] < 0. Then

Σ : ẋ(t) = Ax(t) + uBx(t), u ∈ Ω = [−1, 1]

is controllable if and only if the straight line l = {A+ uB : u ∈ Ω = [−1, 1]}
meet the interior of C, i.e., l ∩int(C)  = ∅.

In other words, if SpanLA {A,B} = sl(2,R), the restricted system is con-
trollable if and only ∃u0 : A+ u0B has an imaginary eigenvalue.

More general, for a fix non zero element x0 ∈ R2 we consider the map

X : [0,∞) → P(R2) defined by X (a) = Aa(x0)

the accessible set of the system with range control Ωa and where P(R2) denotes
the family of subsets of R2.

Theorem 16 (Ayala & San Martin, 1994) Assume a ≥ 0 and det [A,B] < 0.
The controllability property of the restricted bilinear system

Σa : ẋ(t) = Ax(t) + uBx(t), u ∈ Ωa

with range Ωa = [−a, a] is given by the relative position of the segment la =
{A+ uB : u ∈ Ωa} as follows

1. If det(A) ≥ 0 then la ∩ Cint  = ∅ and X (a) = R2 − {0} for any a > 0

2. If det(A) < 0, there are the possibilities

i) If det [A,B] < 0 the line A + uB, u ∈ R cross the interior of C and the
system Σa is controllable if and only if la∩Cint  = ∅. The only bifurcation
point of X is determined by a∗ = inf {a : la ∩ Cint = ∅} . In fact, for
a < a∗, X (a) is strict contained in R2-{0} . For a > a∗, X (a) = R2-{0} .

ii) If det [A,B] > 0, the system Σa is not controllable for any a ≥ 0 and X is

a continuous map on (0,∞) with the Haudorff metric on P(R2).

Next, we show a controllable bilinear control system on the plane.

Example 17 Let us consider the bilinear system

Σ : ẋ(t) = Ax(t) + uHx(t), u ∈ Ω

with range Ω and where A and H are basis elements of sl(2,R) as before. We
have, det(A) = 1 > 0 and det [A,H] = −4 < 0. According to the previous
theorem, the bilinear system Σ is controllable for any positive real number a.

It is worth point out that the class of bilinear systems with matrices in
sl(2,R) has served a model for an optimal compartment model for cancer chemother-
apy with the quadratic objective, (Ledzewick & Shattler, 2006).

Finally, we mention that some effort was made to study the equivalence
problem of this class of systems. See, (Ayala, Colonius & Kliemann, 2005),
(Ayala, Colonius & Kliemann, 2007) and (Ayala & Kawan, 2014).
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5 An elementary review on Lie theory

In this section we shortly introduce the main ingredients of the Lie theory we
need for the next two sections which include invariant and linear control systems
on Lie groups. We mention a couple of references on this subject, (Curtis, 1979),
(Helgason, 1978), (San Martin, 1999) and (Warner, 1971).

Definition 18 A Lie group G is an analytic manifold such that the group op-
erations µ : G×G→ G : (g, h) → gh and ι : G→ G : g → g−1 are analytic.

Example 19 The following sets are Lie groups under obvious multiplication

1. The Euclidean space Rn

2. The set GL(d,R) =
�
det−1(0)

�c
and GL+(d,R) which contains the Id

3. The torus T d = S1 × ....× S1 (d-times the circle)

4. The orthogonal group O(d) = {A ∈ GL(d,R ) | AAt = Id}

5. The special orthogonal group SO(d) = {A ∈ O(d) | det(A) = 1}

6. The special linear group SL(d,R ) = {A ∈ GL(d,R ) | det(A) = 1}.

7. The Heisenberg group (R3, ∗), with

(x, y, z) ∗ (a, b, c) = (x+ a, y + b, z + c+ xb).

The analytical maps Rg , Lg : G→ G defined by Rg(x) = xg and Lg(x) = gx
called the right and the left translations on G respectively, are diffeomorphisms.
The Lie algebra of G comes from the notion of invariant vector fields as follows.
We denote by X∞(G) the set of C∞-vector fields on G.

Definition 20 We say that X ∈ X∞(G) is a right invariant vector field if

X ◦Rg = (Rg)∗ (X) for every g ∈ G.

Here, (Rg)∗ or (dRg)e denotes the differential of Rg at the identity e = Id.

Remark 21 It is not difficult to prove that given two right invariant vector
fields X,Y the Lie bracket [X,Y ] between them is also a right invariant vector
field. Furthermore, observe that X ∈ g is wholly determined by its value at the
identity. In other words, g is isomorphic to the tangent space TeG.The set of
right invariant vector fields on G is called the Lie algebra g of G which satisfy

i) [X,Y ] = −[Y,X] (skew-symmetric)

ii) [X, [Y,Z]] + [Z, [X,Y ]] + [Y, [Z,X]] = 0, (Jacobi identity).

A subspace V ⊂ g is a subalgebra if [V, V ] ⊂ V and it is an ideal if [V, g] ⊂ V.

13



Example 22 In few cases we show the Lie algebra g ∼= TeG

1. T0Rd = Rd

2. TId GL
+(d,R) = gl(d,R), the set of real matrices of order d

3. TId Sd = Rd

4. TId O(d,R) = o(d) = {A ∈ GL(d,R ) | A+At = 0}, skew symmetric

5. TId SO(d,R) = so(d) = o(d)

6. The trace zero matrices sl(d,R ) = {A ∈ gl(d,R) | tr(A) = 0}

7. The Heisenberg Lie algebra (R3,+, [, ]), has the basis
�
X1,X2,X3

�
such

that
�
X1,X2

�
= X3 is the only non vanish bracket. In fact, the Heisenberg

group has the matrix representation

G =





g =




1 x1 x3
0 1 x2
0 0 1



 : x1, x2, x3 ∈ R





φ: g → (x1,x2,x3)

→ R3.

The derivative of γi : R→ R 3, γi(t) = φ−1(tei) at t = 0, determines Xi.

In this paper we just consider matrix groups, so the exponential map is

exp : gl(d,R) → GL+(d,R), expA =
∞�

k = 0

1

k!
Ak with A0 = Id.

Since d(exp)0 = Id there exists a neighborhood V ⊂ G of e such that exp
is a local diffeomorphism. Furthermore, for nilpotent and simply connected Lie
groups exp is a global diffeomorphism, which means V = G.

A C∞ homomorphism between two Lie groups G and H is called a Lie group
homomorphism. A bijective Lie group homomorphism of G with itself is called a
Lie group automorphism. If G is connected, the set Aut(G) of G-automorphisms
is a Lie group with Lie algebra aut(G), (Warner, 1971).

Remark 23 An important relation between a Lie group homomorphism ϕ :
G → H, and its derivative (dϕ)e : TeG −→ TeH is given by ϕ(expX) =
exp(dϕ(X)), which comes from the commutative diagram

g
(dϕ)e
−→ h

expg ↓ →֒ ↓ exph
G −→

ϕ
H

Since (ddet)e = tr it follows that etrA = det(expA), A ∈ gl(d,R ).

Definition 24 A Lie algebra g is say to be
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1. Abelian if for any X,Y ∈ g the bracket [X,Y ] is zero

2. Nilpotent if ∃k ≥ 1 : its descendent central series stabilizes at 0

0 = adk(g) =
�
adk−1(g), ad1(g)

�
⊂ ... ⊂ ad1(g)

3. Solvable if ∃k ≥ 1 : such that its derivative series stabilizes at 0

0 = ad(k)(g) =
�
ad(k−1)(g), ad(k−1)(g)

�
⊂ ... ⊂ ad1(g)

4. Completely solvable if it is solvable and Spec(ad(Y )) ⊂ R, for every Y ∈ g

4. Simple if g it is not Abelian and contains non proper ideals

5. Semisimple if the largest solvable subalgebra r(g) of g is null.

A Lie group is said to be Abelian, nilpotent, solvable, completely solvable,
simple, semisimple, if its Lie algebra satisfy the same property.

Example 25 Here, we mention the type of some Lie groups

1. The Euclidean space Rd is Abelian

2. The torus Tn = S1× ....× S1 (n-times) is Abelian and compact. Further-
more, any Abelian group has the form Rd × Tn for some d, n ∈ N.

3. The Heisenberg group (R3, ∗) is nilpotent

4. The Affine group

��
A y
0 1

�
: A ∈ GL(d,R), y ∈ Rd

�
is solvable

5. The upper triangular group T (d) is completely solvable

T (d) = {A = (aij) ∈ GL(d,R) : aij < 0 for j < i}

6. The orthogonal group SO(d,R) is compact and simple for d  = 4

SO(d,R) = {A ∈ GL(d,R) | AAt = Id}

7. The orthogonal group SO(4,R) is compact and semisimple

8. The special linear group SL(d,R) is non bounded and semisimple

SL(d,R) = {A ∈ GL(d,R) | det(A) = 1}.
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6 Invariant control systems on Lie groups

An invariant control system ΣInv(G) on a connected Lie group G is determined
by a family D of differential equations given by

D =





X +

m�

j=1

ujY
j : u ∈ U





.

The drift vector field X and the control vectors Y 1, . . . , Ym here are elements of
the Lie algebra g of G which we think as the set of right invariant vector fields.
We consider U as before as the set of the admissible class of control.

It is well known that the class of invariant control systems is relevant both
from the theoretical and practical point of view. In fact, since the beginning of
the 1970s, many people have been working in this kind of systems. We mention
the first work in the subject by (Brockett, 1972). Then, several mathematicians
started to study this system on different classes of Lie groups: Abelian, compact,
nilpotent, solvable, completely solvable, simple, semisimple, etc. We mention
some of them (Jurdjevic & Sussmann 1972-a), (Hilgert et al., 1985), (Ayala,
1995) (Sachkov, 1999), (Jurdjevic & Kupka, 1981), (Gauthier, Kupka & Sallet,
1984), (Dos Santos & San Martin, 2013) For an excellent survey on the topic
see references (Sachkov, 1999, 2000 and 2006). Recently in (Dos Santos &
San Martin, 2013), the authors obtain a very general controllability result for
complex Lie groups.

For the first and third categories of systems, the accessible set from the
identity A(e) is a semigroup. Here, A(e) stands for the set of points that can
be reached from e through all admissible trajectories in positive time. Unfor-
tunately, for the class of linear systems on Lie groups, this is not longer true.
In fact, as we mention in (Ayala & San Martin, 2001) the authors give an
example on G = SL(2,R) where the linear system is locally controllable from
the identity but not controllable at all. Since the group is connected, it follows
immediately that the accessibility A(e) can not be a semigroup.

As appointed by Professor Jurdjevic, optimal control on Lie groups is a
natural setting for geometry and mechanics, see (Jurdjevic, 1997-a), (Jurdjevic,
1997-b) and (Sachkov, 2006). As a consequence, differential systems on Lie
groups and their homogeneous spaces deserve to be developed. For instance,
the Dubin´s problem (Dubins, 1957), the brachistochrone problem (Sussmann
& Willems, 1997), and the control of the altitude of a satellite in orbit (Isidori,
1998), are invariant systems on a particular class of Lie groups.

As usual, through this section, we assume that any invariant system satisfies
the Lie algebra rank condition SpanLA

�
X, Y 1, ..., Y m

�
= g. By the Sussmann

Theorem, the orbit of e is the group, .i.e., GΣInv(G)(e) = G. The system has an
associated semigroup, in fact

Theorem 26 SΣInv(G)(e) = A(e) is a semigroup of G
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Proof. We just sketch the prove. Since the vector fields of the system generate
the Lie algebra it turns out that

A(e) = {exp(t1Z1) exp(t2Z2)... exp(tjZj) : tj ≥ 0, Zj ∈ D, j = 1, ..., k} .

Thus, given g1, g2 ∈ A(e) the product g1g2 is an element of A(e).
In the sequel, we establish some controllability results for Σ = ΣInv(G). We

start on a nilpotent Lie group. In (Ayala & Vergara, 1992) the authors state:
"if there exists a strictly increasing real function f on the positive trajectories

of Σ, then the system can not be controllable".
Assuming controllability, it turns out that there exists a loop-trajectory of

the system starting and ending on the identity element, indeed at any element
of G. In particular, a strictly increasing function f cannot exist along the loop.
To develop this idea, they introduce the notion of symplectic vectors via the
co-adjoint representation. Next, in (Ayala, 1995) the author search for finding
algebraic conditions to determine the existence of the symplectic vectors on
nilpotent Lie algebras. They state the following results

Proposition 27 Let G be a nilpotent simply connected Lie group with lie al-
gebra g and let h be an ideal such that g/h is not an Abelian Lie algebra. If
π : g → g/h is the canonical projection and there exists Z ∈ g such that
π(Z) ∈ z(g/h) belongs to the center of g/h is a nonnull vector field, therefore
there exists a symplectic vector λ for Z.

It is possible to characterize the controllability property of this system ef-
fortlessly. In fact, let us define the Lie algebra of the control vectors by h =
SpanLA

�
Y 1, Y 2, ..., Y m

�
. Then, we get

Theorem 28 (Ayala, 1995) Let ΣInv(G) be an invariant control system on a
nilpotent connected and simply connected Lie group G. Therefore, Σ is control-
lable if and only if g = h.

The main idea in the proof uses the co-adjoint representation to build several
homogeneous spaces and then to find algebraic conditions on these spaces to
define symplectic vectors. For the class of invariant control systems on a solvable
Lie group G the controllability property can be characterized, as follows:

Theorem 29 (Hilgert et al., 1985) Σ is controllable if and only if

i) SpanLA(D) = g, and

ii) D is not contained in a half space of g bounded by a subalgebra.

To have a more direct way to check controllability for connected and simply
connected solvable Lie groups, in (Sachkov, 1997) the author introduces the
notion of a completely solvable Lie algebra.

Theorem 30 (Sachkov, 1997) Let Σ be an invariant control system on a com-
pletely solvable Lie group G. Then, Σ is controllable if and only if h = g.
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If g is nilpotent, for any Z ∈ g the set Spec(ad(Z)) reduces to zero.

Example 31 On the Heisenberg group G, D =
�
X3 + u1X

1 + u2X
2 : u ∈ U

�

is controllable. In fact, X3 =
�
X1,X2

�
.

Example 32 Let G be the Lie group T (d) of all d × d upper triangular ma-
trices with positive diagonal entries. T (d) is connected, simply connected and
completely solvable Lie group with Lie algebra t(d) consisting of all d×d upper-
triangular matrices. By Theorem 30 any transitive invariant system Σ is con-
trollable on G if and only if h = g.

Remark 33 We could continue with many relevant theorems on the controlla-
bility property for invariant systems Σ = (G,D) for different classes of groups.
However, as we mentioned, on this subject there exists a review by Sachkov, Y.
(Sachkov, 1999). Instead of that, we concentrate on a special kind of controlla-
bility problem and a more theoretical result, and applications we send the readers
to the references given at the beginning of the chapter.

Definition 34 For a system Σ = (G,D), a set A ⊂ G is said to be Isochronous
if there exist T > 0 such that for any two arbitrary elements x, y ∈ A there exits
ϕ = Zt1 ◦ Zt2 ◦ ...◦ Ztr ∈ SΣ with Σr

i=1ti = T and ϕ(x) = y. In this case, T is
said to be an isochronal time to A. The system Σ is said to be controllable at
uniform time if G is isochronous.

In (Jurdjevic & Sussmann, 1972-b) the authors prove

Theorem 35 Let Σ be an invariant control system on a connected, compact
and semisimple Lie group G. If Σ satisfy the Lie algebra rank condition, then
Σ is controllable at uniform time.

In (Ayala, Kliemann & Vera, 2011) we give an alternative proof. In fact, we
show the existence of time s+ such that the accessibility set A(e, s+) at exact
time s+ coincides with G. Next, we sketch the proof.

Let H be the normal Lie subgroup of G with Lie algebra given by the ideal
h = idealg

�
Y 1, Y 2, ..., Ym

�
. Since the group is compact, for any positive time

t, A(e, t) ⊂ exp(tX)H. Furthermore, related to the topology of this submanifold
intA(e, t+)  = ∅. It follows that for every positive time t, the right translation of
H by exp(tX) is contained in a submanifold of co-dimension 0 or 1, (Jurdjevic
& Sussmann, 1972-a).

On the other hand, the Lie algebra is semisimple. Thus g does not con-
tain ideals of co-dimension one, (San Martin, 1999). So, for any positive time
t, exp(tX)H = G. Therefore, we already proved the existence of time s+ for Σ
such that starting from e it is possible to reach any point of G at exact time
s+. Now, we consider the invariant transitive control system −Σ on G. Again,
∃s− > 0 such that through −Σ it is possible to reach e from any point of the
Lie group G at the exact time s−. Take sΣ = s+ + s−. Therefore, any two
arbitrary points of G can be connected in exactly time sΣ and Σ is controllable
at uniform time. In a more general set up, we obtain
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Theorem 36 Let G a connected semisimple Lie group. Let Σ = (G,D) be a
right invariant control system. If Σ is controllable, then G can be covered by a
sequence of isochronous subsets Vn of G with a nonvoid interior. Also if G is
compact G itself is an isochronous set.

Remark 37 If Σ is controllable at uniform time it doesn´t imply that you can
reach any point of G from e in arbitrary time. But, in some particular cases, the
uniform time could be arbitrary. For instance, it happens in the homogeneous
case, i.e., when the system does not has drift vector field, i. e., X = 0.

Example 38 Consider on T 2 = S1×S1 the invariant system Σ = (T 2,D) with

D = {Xu = X + uY : u ∈ U} .

Here, X = ( ∂
∂x
, 0) and Y = (0, ∂

∂y
). The nonnull component of X and Y are in-

variant vector fields on the sphere S1. Since T is commutative, h has dimension
1. So, the subgroup H has co-dimension 1. Thus, for any t > 0 the accessi-
ble set E(t, e) at exact time t is contained in the one-dimensional submanifold
exp(tX)H of T 2. Therefore, we cannot expect uniform controllability.

Example 39 From the general theory of Lie groups we know that any Abelian
Lie group G has the form G = T d × Rn for some nonnegative integers d, n.
Then, for an invariant system Σ on an Abelian Lie group, we can not expect
the uniform time property.

Remark 40 The proof of Theorem 35 strongly depends on the existence of a
state in the interior of an accessible set of Σ and −Σ simultaneously. In
particular, the proof doesn´t show that you can reach any point of G from e
in arbitrary time, see an example in our paper (Ayala et al. 2011). But,
the uniform time could be arbitrary. For instance, when the Lie algebra h
= SpanLA

�
Y 1, Y 2, ..., Ym

�
coincides with g. In fact, in this particular case,

A(t, e) = G, for every t > 0, see (Kunita, 1978).

Next, we use a relationship between ΣInv(G) with ΣBil(Rd) to apply the
previous results for bilinear systems.

Example 41 Let us consider a bilinear control system

ΣBil(R
d) : ẋ(t) = (A+

m�

j =1

uj(t)Bj) x(t)

determined by the matrices A and Bj ∈ gl(d,R), j = 0, 1, ...,m, and u ∈ U . Let
G be the connected Lie group with Lie subalgebra

g = SpanLA {A,B1, ..., Bm} ⊂ gl(d,R).

Therefore, the control system
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Ẋ(t) = (A+
m�

j=1

uj(t)Bj)X(t), X(t) ∈ G, u ∈ U

induced by the bilinear system is invariant on G. Assume that G is compact
and semisimple. Thus, the affine system

·
x(t) = (A+

m�

j=1

uj(t)Bj) x(t), x(0) = x0

defined on the orbit G(x0) =
�
x ∈ Rd : x = gxo with g ∈ G

�
is controllable at

uniform time on G(x0).

Example 42 We consider the bilinear control system on Rd

ẋ(t) = (A+ u(t)B)x(t), u ∈ U

where A0 and A1 generate the Lie algebra g = SpanLA {A,B} = so(d,R) of
the skew-symmetric matrices of order d. The associated compact Lie group is
G = SO(d,R). Recall that for each natural number d the group SO(d,R) is
simple, except the semisimple case SO(4,R). It turns out that the affine system
is controllable at uniform time on the manifold M = Sd−1.

7 Linear control systems on Lie groups

A generalization of the notion of a linear system from the Euclidean space Rd

to a specific matrix group was given by (Markus, 1980). After that, the authors
in (Ayala & Tirao, 1999) comes for a definitive definition of the subject on an
arbitrary connected Lie group G. The authors involve the concept of normalizer
of a Lie algebra g (considered as the set of right invariant vector fields), in the
Lie algebra X∞(G) of all smooth vector fields on G, as follows

n = normX∞(G)(g) = {X : [X,Y ] ∈ g for every Y ∈ g} .

After characterize n = g ⊗s aut(G) as the semi-product between g and the Lie
algebra aut(G) of the Lie group of all automorphisms Aut(G) of G, the authors
introduce the following notion

Definition 43 A linear control system ΣLin(G) on G is determined by the data

ẋ(t) = X (x(t)) +
m�

j=1

uj(t)Y
j(x(t)), x(t) ∈ G, u ∈ U

where, X is a linear vector field, by definition X ∈ n with X (e) = 0. Further-
more, Xj ∈ g and U = L1loc(R,Ω ⊂ Rm) with Ω is a closed and convex subset Ω
of Rm with 0 ∈ int(Ω).
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Remark 44 Why this class of control is relevant? First, it contains the follow-
ing categories of systems Σ on a Lie group G with Lie algebra g

·
x(t) = X(x(t)) +

m�

j =1

uj(t)Y
j(x(t)) + Y, x(t) ∈ G, u ∈ U

1. Linear system on Euclidean spaces,

G = Rd,X = A ∈ aut(Rd) = gl(d,R), Y j = bj ∈ g = Rd, Y = 0 ∈ Rd

2. Affine systems on Euclidean spaces,

G = Rd, A ∈ aut(Rd), Y j = bj ∈ g = Rd and Y ∈ Rd

3. Bilinear systems on Euclidean spaces G = Rd and A,Bj ∈ aut(Rd)

4. Invariant systems on Lie groups, X, Xj ∈ g

And, by definition includes the linear systems on G. Just observe that
the drift and the control vectors of any system in the list are elements of the
normalizer. For instance,

in (2) : A = 0 +A ∈ g ⊗saut(R
d) and in (4) X = X + 0 ∈ g ⊗saut(G).

Finally, we would like to introduce the notion of a normalizer system Σn

·
x(t) = X(x(t)) +

m�

j =1

uj(t)Y
j(x(t)) + Y, x(t) ∈ G, X,Y j , Y ∈ n and u ∈ U .

Here, any dynamic of Σn is an element of the normalizer. In particular, all
the categories mentioned before are special cases. This control system is a very
general algebraic system and, it is a challenge even to start to work on it. On
the other side, in (Jouan, 2010) the author shows that linear control systems on
Lie groups are also necessary for a different reason. He proved an equivalence
theorem as follows

Theorem 45 Let Σ be a transitive affine control system

·
x(t) = X(x(t)) +

m�

j =1

uj(t)Y
j(x(t)), u ∈ U

on a manifold M . Then, Σ is diffeomorphic to a linear system on a Lie group or
a homogeneous space if and only if the vector fields are completed and generate
a finite dimensional Lie algebra.

21



This result allows applying the theory of linear systems on concrete appli-
cations. In fact, giving a system which satisfies the Jouan´s condition, it is
possible to obtain information of the system on a manifold by looking at the
linear one in the group, or in some homogeneous space of the group.

The main aim of this section is to show some basic properties of ΣLin(G).
We prove some results and we illustrated through examples the fundamental
theorems of the theory, (Ayala & San Martin, 2001), (Jouan, 2011), (Ayala &
Da Silva, 2016-b). See also more recent results relatives to the restricted case
and the existence and uniqueness of control sets, (Ayala & Da Silva, 2016-a).

As we explained, for invariant control systems Jurdjevic and Sussmann
proved that the positive orbit of e of G is a semigroup. Hence, for a con-
nected Lie group controllability on G is equivalent to the local controllability
from e. For linear systems the situation is totally different. In fact, if Σ satis-
fies the ad-rank condition then it is locally controllable at e, (Ayala & Tirao,
1999). However, the positive orbit of the identity is not a semigroup. We start
by showing a characterization of the drift vector field X , see (Jouan, 2011).

Theorem 46 Let X be a vector field on a connected Lie group G. Are equivalent

1. X is a linear vector field

2. X is an infinitesimal automorphism

3. X (gh) = (dLg)hX (h) + (dRh)gX (g), for all g, h ∈ G.

If we denote by (ϕt)t∈R the flow associated to the drift X , by definition an
infinitesimal automorphism is a vector field such that {ϕt : t ∈ R} is a subgroup
of Aut(G). Certainly, the vector field X is complete. Furthermore, one can
associate to X a derivation D of g defined by DY = −[X , Y ](e), for all Y ∈
g.In fact, the Jacobi identity assures that D[X,Y ] = [DX,Y ] + [X,DY ].The
relation between ϕt and D is given by the formula, (Warner, 1971) (dϕt)e =
etD for all t ∈ R, which implies that ϕt(expY ) = exp(etDY ), for all t ∈
R, Y ∈ g. On the other hand, if the group is simply connected any derivation
D ∈ ∂g has an associated linear vector field X = XD through the same formula
above. For connected Lie groups, the same is true when D ∈ aut(G) the Lie
algebra of Aut(G) the Lie group of G-automorphism, see (Ayala & Tirao,
1999). As a mater of fact,

aut(G) ⊂ ∂g and aut(G) = ∂g⇔ G is simply connected.

A particular class of such dynamics comes from inner automorphisms. More
precisely, consider an element W ∈ g. Since W is complete its flow Wt(z) =
expG(tW )z, z ∈ G defines by conjugation a 1-parameter group of inner auto-
morphisms on G, ϕt(x) = Wt(e)xW−t(e), x ∈ G. Therefore, ϕt ∈ Aut(G)
for any t ∈ R. In this case, the associated derivation D : g → g defined by
D(Y ) = −ad(X )(Y ) = −[W,Y ] for any Y in g.
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Example 47 Consider the solvable not complete solvable group G = E(2) of
the plane Euclidean motions

G =









1 0 0
x a b
y −b a



 : (x, y) ∈ R2 and a2 + b2 = 1





, with Lie algebra

g = Span





Y 1 =




0 0 0
1 0 0
0 0 0



 , Y 2 =




0 0 0
0 0 0
1 0 0



 , Y 3 =




0 0 0
0 0 1
0 −1 0



 .






For Y 1 ∈ g we obtain the linear vector field

X (z) =
d

dt

����
t=0

exp(tY 1)z exp(−tY 1)

=
d

dt

����
t=0




1 0 0

x+ t− at a b
y + bt −b −a



 =




0 0 0

1− a 0 0
b 0 0



 , z ∈ G.

Remark 48 The family of inner derivations is a subclass which is far from de-
termining all the elements in ∂g. In fact, there could exist a significant difference
of cardinality between derivations and inner derivations. In fact, for G = Rd

any real matrix of order d is a derivation, so dim∂Rd = d2. However, for a
semisimple Lie group G, any derivation is inner, which means that dim ∂g = d.
To show a case between these extremum, we give the following example

Example 49 Consider the simply connected Heisenberg Lie group with Lie Al-
gebra g generated by

X =
∂

∂x
, Y =

∂

∂y
+ x

∂

∂z
, Z =

∂

∂z
with [X,Y ] = Z

Any g-derivation D written in the basis {X,Y,Z} has the form

D =




a b 0
c d 0
e f a+ d



 .

In this case dim(h) = 6 but there are just two independent inner derivations:
ad(X) and ad(Y ). Furthermore, for a derivation D the associated linear vector
field X = XD is explicitly given in (Jouan, 2011) by:

X (g) = (ax+ by)
∂

∂x
+ (cx+ dy)

∂

∂y
+ (ex+ fy + (a+ d)z +

1

2
cx2 +

1

2
by2)

∂

∂z
.
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7.1 Local controllability

In this section, we show some controllability results, some of them without
proofs. We follow the reference (Ayala & Tirao, 1995) and we start with the
natural transitivity property.

Let ΣLin(G) be a linear control system. By the orbit theorem, ΣLin(G) is
transitive if and only if LARC is satisfied. i.e.,

dimSpanLA{Y
j , adi(X )(Y j) | 1 ≤ j ≤ m and 0 ≤ i ≤ dim(G)} = dim(g).

Denotes by h = Span
�
Y 1, ..., Y m

�
, the Lie algebra generated by the control

vectors and by< X | h > the smallest ad(X )-invariant Lie subalgebra containing
h. Just observe that the LARC condition is not equivalent to < X | h > = g.
But, for Abelian groups they agree.

For the classical unrestricted linear system, the algebraic object associated to
controllability is a subspace, (in particular a semigroup) defined by the smallest
A-invariant subspace of Rd containing the subspace generated by the columns
vectors. And we know that controllability is equivalent to

dimSpan{b1, ..., bm, Ab1, ..., Abm, ..., Ad−1b1, ..., Ad−1bm} = n

In fact, Y j = bj , ad1(X )(Y j) =
�
A, bj

�
= −Abj , ad2(X )(Y j) =

�
A,
�
A, bj

��
=

A2bj , etc., for any bj ∈ Rm, 1 ≤ j ≤ m.
As usual, we assume LARC for ΣLin(G). In order to go further, we need the

ad-rank condition which is determined by the requirement

dimSpan{Y j , adi(X )(Y j) : 1 ≤ j ≤m and 0 ≤ i ≤ n− 1} = dim(g).

In order to reach the dimension of G the following brackets are forbidden

�
Y j , adi(X )(Y j)

�
with 1 ≤ j ≤m and 0 ≤ i ≤ n− 1

Theorem 50 With the ad-rank condition ΣLin is locally controllable from e.

Proof. We denote by x(t, u), the solution through the identity element

.
x = X (x) +

m�

j=1

ujY
j(x), x ∈ G

associated to the control u ∈ U . For every non-negative t consider the infinitely
differential endpoint map

Et : u ∈ U → Et(u) = x(t, u) ∈ G.

In a neighborhood B of the control u ≡ 0 its differential d(Et)0 at the control
zero is given by (Agrachev, Gamkrelidze & Sarychev, 1989)
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d(Et)0 (u(·)) =

t�

0

e(t−s)ad(X) (
m�

j=1

uj(s) Y
j
e ) ds,

Suppose this linear map is not surjective. There exists a co-vector ω in the dual
space T ∗eG ∼= g∗ of the tangent space TeG ∼= g, such that

< ω, d(Et)0 (u(·)) > = 0 for every u(·) ∈ B.

By the bilinearity property of < ,> we get

< ω,

t�

0

e(t−s)ad(X) (
m�

j=1

uj(s) Y
j
e ) ds > =

t�

0

m�

j=1

< ω, e(t−s)ad(X) (Y j
e ) > uj(s) ds.

Since this expression is true for every piecewise constant function u : [0, t] → Rm

we can conclude that

< ω, e(t−s)ad(X) (Y j
e ) > = 0, ∀s ∈ [0, t].

Differentiating the last expression with respect to t at t = 0 we obtain

< ω, adi(X )(Y j
e ) > = 0 for each i ≥ 0 and j = 1, 2, ...,m.

which is in contradiction with the ad-rank condition assumption.
Hence, the linear map d(Et)0 is surjective. By the implicit function theorem,

the map d(Et)0 is locally onto on G. That is, there exists a neighborhood V of
the identity element e inG such that d(Et)0 is onto on V ⊂ G. As a consequence,
ΣLin(G) is locally controllable at e.

Next, we show an example of a not locally controllable transitive linear
system.

Example 51 Consider ΣLin(G) on the Heisenberg Lie group with dynamic
.
x(t) = X (x(t))+uY 2(x(t)), u ∈ R, where the drift X comes from the derivation

D =




0 1 0
1 0 0
0 0 0



 ∈ ∂g. For u ∈ R in coordinates the system reads

.
x1(t) = x2(t)+

1

2
x3(t)+

1

2
x1(t)−

1

4
x2(t)x3(t),

.
x2(t) = x1(t)−

1

2
x2(t)x3(t)+u,

.
x3(t) = 0

A computation shows that [X , Y 1] = Y 2 and [X , Y 2] = Y 1. So, ad(X )(
�
Y 1
�
)

= Span{Y 1, Y 2} ⊂
�=
g. While the Lie algebra rank condition is satisfied. i.e.,

SpanLA{Y
1, Y 2} = Span{Y 1, Y 2, Y 3} = g, the system is not locally controllable

although it is transitive. Geometrically speaking, no one integral curve of the
system can leave the x1x2-plane.

In the sequel, we establish some controllability results according to the group
and the admissible class of control under consideration.
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7.2 Controllability: the unrestricted case

In general, controllability property is a very exceptional issue. We can not
expect something different from the class in study. However, like in the classical
linear systems on Euclidean spaces, the same Kalman rank condition determines
controllability for any unrestricted linear systems on an Abelian or on a compact
semisimple Lie group.

Theorem 52 Let ΣLin(G) be linear control system. Assume

1. the group G is Abelian, then

ΣLin(G) is controllable⇔ ΣLin(G) is transitive

2. the Lie algebra g of G is semisimple, and G is compact, then

ΣLin(G) is controllable⇔ ΣLin(G) is transitive

Proof. To prove the first claim, we observe that in this very particular case
the positive orbit of the identity A(e) is a semigroup. On the other hand, since
the system is transitive and the group is Abelian, the rank condition and the
ad-rank condition coincides, which implies local controllability from e on some
neighborhood Ve. Since G is connected and A(e) is a semigroup we obtain

Ve ⊂ A(e) ⇒ G = ∪n∈N(Ve)
n ⊂ A(e)

and ΣLin(G) is controllable from e. The same argument is possible to apply to
the negative system Σ−Lin(G) which is precisely ΣLin(G) but with the drift −X .
Thus, Σ−Lin(G) is also controllable from e. So, for any element x ∈ G, ∃u and a
positive time tu such that x can be achieve from e through Σ−Lin(G) in tu units
of time. Equivalently, x can be transferred to e from ΣLin(G) with the same
control and at the same time. Let us consider an arbitrary y ∈ G. There are
controls u and v such that y can be reached from x. In fact, after to reach the
identity from x we continue with a control v transferring e to y at tv units of
time. So, y can be reached by x at tu + tv units of time. Thus, the system is
controllable from x for each x ∈ G.

We just show the main ideas of the proof of 2. Since G is compact, we
note that the Haar measure is finite. On the other hand, since the group is
semisimple any derivation is inner, which implies that the linear vector field has
the form ϕt(x) = exp(tW )x exp(−tW ), for some W ∈ g and any x ∈ G. In
this case, for any constant control the dynamic of the system combines conju-
gation with invariant, both preserving the Haar measure. Since G is compact,
it is closed. So for more arbitrary control, the argument works for the limit.
Furthermore, according to a well-known fact, the system is controllable if and
only if satisfy the LARC condition. The invariance argument together with the
Poincaré recurrence theorem, finish the proof, (Lobry, 1970).
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Remark 53 Next we show the first example in the literature of a noncontrol-
lable system which is locally controllable from the identity, (Ayala & San Mar-
tin, 2001). Since the group is connected, it turns out that "for a linear system
on groups the reachable set from the identity A(e) cannot be a semigroup".

Example 54 On G = SL(2,R) consider the linear vector field X associated to

the derivation D = ad(W ), where W =

�
1 0
0 −1

�
. Define the linear control

system ΣLin(SL(2,R)) by
.
x = X (x) + uY (x), x ∈ G, where Y =

�
1 1
1 −1

�
.

Since Span {Y, [X , Y ] , [X , [X , Y ]]} = g, the system is locally controllable at e.
For an argument of reversibility (which is far from the scope of the paper), the
authors show that the system can not be controllable.

As we saw in general, the reachable set is not a semigroup. Actually, under
the LARC condition, Jouan prove the following result

Theorem 55 Let ΣLin(G) be a transitive linear control system on G. Hence,

A(e) is a semigroup ⇔A(e) = G.

In this section we follow the reference (Ayala & Da Silva, 2016-a). The next
proposition state the main properties of the reachable sets.

Proposition 56 It holds:

1. 0 ≤ τ1 ≤ τ2 ⇒ Aτ1 ⊂ Aτ2

2. Aτ (g) = Aτϕτ (g), for any g ∈ G

3. τ , τ ′ ≥ 0 ⇒

a) Aτ+τ ′ = Aτϕτ (Aτ ′) = Aτ ′ϕτ ′(Aτ ), and inductively

b) Aτ1ϕτ1
(Aτ2)ϕτ1+τ2(Aτ3) · · ·ϕ�n−1

i=1
τi

(Aτn) = A�n

i=1
τi , for any positive

real numbers τ1, . . . , τn

4. u ∈ U, g ∈ G and t ≥ 0 ⇒ φt,u(A(g)) ⊂ A(g)

5. e ∈ intA ⇔ A is open.

The proof of items 1. to 3. can be found in (Jouan, 2011), Proposition 2.
The items 4. and 5. in (Da Silva, 2015) Proposition 2.13.

Remark 57 We notice that the item 4. of the above proposition together with
the fact that 0 ∈ intΩ shows us in particular that A is invariant by the flow ϕt

in positive time, that is, ϕt(A) ⊂ A for any t ≥ 0.
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The positive orbit A of a linear control system ΣLin(G) is in general, not a
semigroup. In this section, we associate to Σ = ΣLin(G) a new algebraic object
SΣ which turns out to be a semigroup. In particular, SΣ enable us to pass from
the control theory of linear systems to the semigroup theory. Furthermore,
controllability of Σ is equivalent to SΣ = G.

As before, we denote by (ϕt)t∈R the 1-parameter group of automorphisms
associated to X . We define in (Ayala & Da Silva, 2016-a)

SΣ = ∩t∈R ϕt(A)

Since ϕt(e) = e for all t ∈ R and e ∈ A it follows that SΣ  = ∅.

Proposition 58 With the previous notations it holds

1. SΣ is the greatest ϕ-invariant subset of A

2. For any τ0 ≥ 0, SΣ = ∩t ≥ 0ϕt(A)

3. x ∈ SΣ if and only if ϕt(x) ∈ A for all t ≤ 0

4. SΣ is a semigroup

Proof.

1. We start by proving the ϕ-invariance of SΣ. Let τ ∈ R, then

ϕτ (SΣ) = ϕτ (∩t∈R) = ∩t∈Rϕτ (ϕt(A)) = ∩t∈Rϕτ+t(A) = SΣ

Now, let C be a ϕ-invariant subset of A. It holds that

C = ϕt(C) ⊂ ϕt(A), for all t ∈ R⇔ C ⊂ ∩t∈R = SΣ

showing that SΣ is the greatest ϕ-invariant subset of A.

2. By the ϕ-invariance of A in positive time, we get

τ0 − t ≥ 0 ⇒ ϕτ0−t(A) ⊂ A⇔ ϕτ0(A) ⊂ ϕt(A)

and consequently ϕτ0
(A) = ∩t ≤ t0ϕt(A). Therefore,

SΣ = ∩t > t0ϕt(A) ∩ ∩t ≤ t0ϕt(A) = ∩t > t0ϕt(A)∩ϕτ0(A) = ∩t ≥ t0ϕt(A)

3. We have

x ∈ SΣ ⇔ x ∈ ϕt(A) for all t ≥ 0 ⇔ ϕt(x) ∈ A for all t ≤ 0.

4. Let x, y ∈ SΣ with xt = ϕ−t(x) and yt = ϕ−t(y). From 3., we just need
to show that

xtyt = ϕ−t(x)ϕ−t(y) = ϕ−t(xy) ∈ A for any t ≥ 0.

By hypothesis xt ∈ A, ∃ st > 0 : xt ∈ Ast . But y ∈ SΣ so ϕ−st(yt) =
ϕ−st−t(y) ∈ A and ∃ s′t > 0 with ϕ−st(yt) ∈ As′

t
showing that SΣ is a

semigroup. In fact,

xtyt = xtϕst(ϕ−st(yt)) ∈ Astϕst
(As′

t
) = Ast+s′t

⊂ A.
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Definition 59 SΣ is called the semigroup of the system Σ = ΣLin(G).

The controllability property of Σ depends on the semigroup SΣ.

Theorem 60 A = G if and only if SΣ = A.

Proof. If A = G then ϕt(A) = ϕt(G) = G for all t ∈ R. Hence, G =
∩t>t0ϕt(A) = SΣ. Conversely, if SΣ = A then A is a semigroup. However,
Proposition 7 of (Jouan, 2011) assures that A = G.

Corollary 61 A = G⇔A is ϕ-invariant

Proof. If A = G, A is certainly ϕ-invariant. Conversely, if ϕt(A) = A for any
t ∈ R we get A ⊂ SΣ which implies SΣ = A. So, A = G.

In (Da Silva, 2011) the author prove a general controllability result

Theorem 62 Assume the reachable set A is open. Then G+,0 ⊂ SΣ. Moreover,

Σ is controllable ⇔ G− ⊂ SΣ.

Based in this theorem, Da Silva extends Theorem 8 at follows

Theorem 63 Let ΣLin(G) a linear control systems on G. Therefore,

1. If G is solvable

e ∈ int(A) and Spec(A)Ly = {0} ⇒ ΣLin(G) is controllable.

2. If G is nilpotent

e ∈ int(A) and Spec(A)Ly = {0} ⇔ ΣLin(G) is controllable.

To extend the previous theorem, in (Ayala & Da Silva, 2017) the authors
introduce the following notion

Definition 64 Let G be a connected Lie group. The Lie group G has a finite
semisimple center if all semisimple Lie subgroups of G have a finite center.

Several classes of Lie groups satisfy Definition 64. For example, any Abelian,
nilpotent and solvable Lie group has the finite semisimple center property. Fur-
thermore, any semisimple Lie group with finite center and any direct or semi-
direct product of these classes of groups have a semisimple finite center.

Theorem 65 Let G be a Lie group with finite semisimple center. Hence,

e ∈ intAτ0 and Spec(A)Ly = {0} ⇒ ΣLin(G) is controllable.
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7.3 Controllability: the restricted case

In this section, we follow our reference (Ayala & Da Silva, 2016-b). Considering
the controllability behavior of an unrestricted linear system ΣLin(G), we now
approach the problem more realistically way. We go back to the notion of a
control set, a maximal subset C where approximately controllability holds, i.e.,

x ∈ int(C) ⇒ int(C) ⊂ A(x) and for x ∈ ∂C, ∃xn ∈ int(C) : xn → x.

Like in the classical linear system it is possible to characterize the existence
of a control set with nonempty interior around the identity. Of course, many
topological properties of C are intrinsically connected with the eigenvalues of
the associated derivation D to the drift X .

The following decomposition is crucial in the study of controllability of re-
stricted linear systems. It was used for the first time by Da Silva in (Da Silva,
2015). For a derivation D : g→ g there exists a special decomposition through
its Lyapunov exponents, (San Martin, 1999). For any eigenvalue α of D there
exists the α-generalized eigenspace determined by

gα = {X ∈ g : (D − α)nX = 0 for some n ≥ 1}.

It turns out that for if β is also an eigenvalue of D then

[gα, gβ] ⊂ gα+β when α+ β is an eigenvalue of D

and zero otherwise. Hence, g decomposes as g = g+ ⊕ g0 ⊕ g−.
The subspaces g+, g0 and g− defined by

g+ =
�

α : Re(α)>0

gα, g0 =
�

α : Re(α)=0

gα and g− =
�

α : Re(α)<0

gα.

are Lie algebras. And, g+, g− are nilpotent. Denote by G+, G0, G−, G+,0 and
G−,0 the connected Lie subgroups of G with Lie algebras g+, g0, g−, g+,0 and
g−,0 respectively. By Proposition 2.9 of (Da Silva, 2015), the subsets G+,G0,
G−, G+,0 and G−,0 are (ϕt)t∈R-invariant closed subgroups of G.

Theorem 66 Let ΣLin(G) be a linear system where G is a solvable or G0 ⊂ G
is compact. Then,

1. The only control set with nonempty interior is given by C = cl(A) ∩A∗

2. Furthermore,

C is bounded⇒ G0, cl(AG−) and cl(A∗G+) are compact sets, where

AG− = A∩G− and A∗
G+ = A∗∩G+.

3. For a nilpotent Lie group G more is true

C is bounded ⇔ cl(AG−), and cl(A∗G+) are compacts and D is hyperbolic.
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